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Effects of nonuniform exchange and magnetostatic interactions on the
determination of intrinsic switching field distributions
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A systematic numerical study is performed on the �H�M ,�M� method and its ability to determine
the intrinsic switching field distributions of perpendicular recording media in the presence of locally
varying intergranular exchange and magnetostatic interactions. It is found by means of evaluating
various reliability measures that the overall robustness of the �H�M ,�M� method is only slightly
reduced due to the presence of randomness in both the exchange and magnetostatic interactions, at
least within the parameter range that is relevant for typical recording media.
© 2009 American Institute of Physics. �DOI: 10.1063/1.3149696�

I. INTRODUCTION

For granular magnetic materials such as magnetic re-
cording media, the determination of intrinsic properties from
macroscopic measurements is complicated by the presence
of intergranular exchange and magnetostatic interactions.1

This issue is particularly relevant for perpendicular recording
media �PRM�, due to the fact that the strength of the inter-
actions is much larger than in the previously used longitudi-
nal recording media.2 Recently, it has been shown that the
microstructural disorder and the resulting randomness in ex-
change and magnetostatic intergranular interactions have a
detrimental effect on the performance of PRM.1,3,4

In real granular materials, the randomness in the ex-
change couplings arises from irregularities at the grain
boundaries, while the randomness in the magnetostatic cou-
plings results from the distribution of locations and volumes
of the grains. Therefore, it is important to find a self-
consistent approach to generating a realistic distribution of
grains and the corresponding intergranular interactions. The
purpose of the present paper is twofold. First, the aim is to
develop a realistic model of PRM that self-consistently ac-
counts for locally varying random interactions, while still
allowing for the macroscopic hysteresis loop description of
PRM. Second, the so developed model is subsequently used
to address the question: to what extent can the presence of
random interactions influence the proper determination of
microscopic materials information, such as the intrinsic
switching field distribution �SFD� D�HS�?

While many hysteresis-loop-measurement based tech-
niques have been developed for extracting the D�HS� in
PRM, the recently devised �H�M ,�M� method has been
found to be most accurate and reliable, as well as easy to
implement.2,5–9 This method measures the field difference
�H at constant magnetization M between the major hyster-
esis loop and a number of recoil curves, which each start at a
certain distance �M away from the saturation MS. Within the
mean-field approximation, the functional dependency of �H
can be written as

�H�M,�M� = I−1�1 − M

2
� − I−1�1 − M − �M

2
� , �1�

where I−1 is the inverse of the field integral I�x�
=�−�

x D�HS�dHS of the intrinsic SFD. Within the mean-field
approximation, the field difference �H is independent from
the grain interactions, which allows for a direct experimental
access to determining D�HS�. For certain parameterized dis-
tribution functions, one can derive analytic expressions for
D�HS�. For example, for a Gaussian distribution of width �,
one finds

�HG�M,�M� = �2��erf−1�M + �M� − erf−1�M�� . �2�

Details of this method and the analysis formalism have been
described previously.2,5,7 This method has two main advan-
tages over comparable methods: �1� it allows for the deter-
mination of the entire D�HS� distribution and its functional
form and not just a single characteristic parameter.2,5 �2� Its
reliability can be verified by a straightforward redundancy
test of the experimental data.7,9

In the present work, we numerically test the ability of
the �H�M ,�M� method with an improved interacting ran-
dom hysteron model of PRM, which self-consistently ac-
counts for the randomness in the intergranular exchange and
magnetostatic interactions and the volume distributions of
grains. It is found that increasing the randomness of the ex-
change or magnetostatic interactions within the range of a
typical recording media reduces the reliability of the method
only slightly and in a well controlled fashion. In all cases,
strong correlations are observed between the reliability mea-
sures of this method and a self-consistency-check of the data
sets, which is based upon the straightforward redundancy
measure. This suggests that the latter can be utilized as an
efficient criterion to decide if a complete data analysis is
warranted or not, corroborating our earlier result.9

II. MODEL

To model PRM and study the reliability of the
�H�M ,�M� method, a two-dimensional �2D� interacting
random hysteron model has been used in previous studies.7,9a�Electronic mail: yangliu@illinois.edu.
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In this model, each media grain is considered as a symmetric
hysteron, which generates a rectangular hysteresis loop in an
applied field H. The half width of the hysteresis loop is just
the intrinsic switching field HS of this hysteron. It is further
assumed that the magnetization of each hysteron exhibits
values of �1 only and orients exactly along the applied field
H and perpendicular to the recording layer �representing
high-anisotropy materials�. In the planar geometry of thin
films with perfectly aligned perpendicular magnetization, di-
polar effects cause an effective interaction that is antiferro-
magnetic �AFM� in its nature. The PRM is then represented
by a square or triangular lattice of hysterons with periodic
boundary conditions, described by Hamiltonian

H = − Jex	

i,j�

SiSj + Jdp	
i�j

SiSj

r̃ij
3 − 	

i

�H + sgn�Si�HSi
�Si,

�3�

with r̃ij =rij /a the reduced distance between hysteron i and j
measured in units of lattice spacing a and sgn�x� the signum
function. Here, the first term represents the ferromagnetic
�FM� nearest neighbors interaction term quantified by means
of the exchange coupling constant Jex. The second term de-
scribes the dipolar interactions of strength Jdp among all hys-
teron pairs. The third term accounts for the effect of the
external field and the intrinsic switching field of hysterons.

This model has been demonstrated to be very useful for
understanding the applicability of the �H�M ,�M� method to
PRM.9 However, it has substantial deficiencies. First, map-
ping grains to structuralist hysterons is of course the simplest
mathematical construction, in which any effects due to the
grain volume distributions are completely ignored. Second,
the assumption of uniform exchange and dipolar couplings
�Jex and Jdp� is a substantial simplification of the real mate-
rial structures. Due to microstructural disorder, such as ir-
regularities at the grain boundaries, �or random locations and
volumes of grains�, there is a distribution of exchange �or
magnetostatic� couplings between grains. Third, the dipole
approximation is satisfactory for grains which are far away
from each other. For grains which are close to each other, the
dipole approximation will significantly overestimate the
magnetostatic interactions, as reported in the literature.10,11

Considering all these deficiencies and to systematically study
the effect of nonuniform exchange and magnetostatic inter-
actions on the reliability of the �H�M ,�M� method, we
have generalized the above simple model �Eq. �3�� in the
following three aspects.

A. Nonuniform exchange interactions

For realistic PRM materials, the randomness in the inter-
granular exchange couplings is determined mostly by the
quality of the grain boundaries �or by an additional layer
introducing a well-defined amount of intergranular interac-
tions�, while the randomness in the magnetostatic interac-
tions is determined by the grain volume distribution. Thus
for all practical purposes, it is reasonable to view the prob-
ability distributions of the intergranular exchange and mag-

netostatic couplings as mutually uncorrelated. Therefore, for
the modeling purposes, the two distributions can be gener-
ated using independent processes.

Correspondingly, we introduce randomness in the ex-
change couplings by simply choosing random bonds Jex

ij from
a Gaussian distribution with mean 
Jex

ij ��Jex and standard
deviation ��Jex

ij ��RexJex. The relative width of the random
bond distribution Rex will be called the randomness in the
exchange couplings. The bond index b= �ij� runs from 1 to
NZ /2 with Z the coordination number of the embedded lat-
tice. To make a good approximation of actual media struc-
tures in which grains typically have coordination numbers of
5 and 6, we choose a triangular lattice of grains with constant
coordination number Z=6.

B. Nonuniform magnetostatic interactions

Due to the nonlocal nature of magnetostatic interactions,
a self-consistent generation of random coupling constants Jms

ij

is a nontrivial task. In a first step, we represent the volume of
a grain by a hexagonal prism with a side length a /�3 and
height d �Figs. 1�a� and 4�b��. Thus the grains form a 2D
assembly of thickness d with grains arranged on a triangular
lattice of spacing a �Figs. 1�d� and 4�a��. Then we randomize
volumes of grains by a random hexagonal tiling �RHT� pro-
cess �see below�, in which the plane of the triangular lattice
is tiled with randomly irregular hexagons on each lattice site
�Fig. 1�e��. The height d remains the same for all grains.
Note that this process guarantees that every grain has exactly
six neighbors, which complies with the definition of nonuni-
form exchange interactions above.

The RHT process is illustrated in Figs. 1�a�–1�c�. First
we assume a regular tiling case and draw a circle of radius
r= Pa / �2�3� around every vertex of all the regular hexagons.
Then we randomly generate a point inside every such circle.
These points define the locations of the vertices of the ran-
domized hexagons. The randomized volume vi of grain i is

��� ��� ���

��� ��� ���

FIG. 1. �Color online� RHT: tuning the parameter P varies the shape of a
single grain and causes a nonuniform grain volume distribution for the grain
assembly. ��a� and �d�� P=0; ��b� and �e�� P=0.6; and ��c� and �f�� P=1.2.
The grains are shown in green hexagons. The embedded triangular lattice of
grains with periodic boundary conditions is shown in blue dashed lines. The
bonds between lattice sites �or grain centroids� and their nearest neighbors
are shown in blue �or black� solid lines. In ��b� and �c��, the red dashed
circle shows the permitted region of the grain vertices with radius r
= Pa / �2�3�. Here a=1 is the lattice spacing. For P�0, the grain centroids
�black dots� become deviating from the lattice sites �red dots�. Only in the
regular hexagonal tiling case �P=0�, as shown in ��a� and �d��, the grain
centroids match the lattice sites.
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calculated by multiplying the area of the hexagon Ai by the
height d. The extent of randomness can be controlled by the
tuning parameter P, where P=0 corresponds to the regular
hexagonal tiling case. As shown in Figs. 1�a�–1�c�, with in-
creasing P, the grain becomes more and more irregular. Fig-
ures 1�d�–1�f� illustrate the corresponding deformation of the
entire lattice.

It is interesting to study the correlation between the tun-
ing parameter P and the grain volume distribution D�vi� gen-
erated by the described RHT. First of all, we plot the D�vi�
obtained from RHT at different P values �see Fig. 2�. Note
that here we have normalized the grain volume vi to the
value of the regular tiling case which is just v0=�3a2d /2.
For P=0, D�vi� corresponds to a �-function. As P increases,
we see that D�vi� becomes broader and more asymmetrical.
Second, the tuning parameter P is correlated with the char-
acteristics �moments� of the grain volume distribution D�vi�,
e.g., the mean, variance, and skewness. To see this, we plot
the moments of D�vi� as functions of P in Fig. 3. The first
moment, i.e., the mean value 
v�, is always equal to unity �in
units of v0� no matter how randomly the hexagons are drawn,
see Fig. 3�a�. This is done by keeping the number of grains

and the total area of the grain assembly constant in the RHT
process. �Note that in our calculations, we use periodic
boundary conditions, so that the total area is actually an in-
finite sheet. For the central simulation cell, the number of
grains and the total area of the grain assembly are kept con-
stant so that the average grain volume is the same as we tune
P in the RHT process.� We want to keep 
v� the same as we
systematically tune P because otherwise the total magneto-
static energy varies, which is an effect we want to isolate and
only tune by means of the corresponding coupling constant.
The second moment �variance� of the distribution follows
parabolic behavior �Fig. 3�b��. To confirm this, we also plot
the standard deviation ��vi� as a function of P. A straight
line ��vi�=0.17P �in units of v0� can fit the data very well
�see Fig. 3�d��. For the third moment, i.e., the skewness, a
positive value increases roughly linearly with P, which indi-
cates that the D�vi� becomes more asymmetric with increas-
ing P as seen in Fig. 3�c�.

A self-consistent distribution of the magnetostatic cou-
plings D�Jms

ij � is then naturally obtained by setting Jms
ij

=Jmsviv j /v0
2 with Jms the magnetostatic coupling strength in

the P=0 limit, i.e., no randomness in the grain volume dis-
tribution: vi=v j =v0. Due to the long-range feature of the
magnetostatic interaction, the index �ij� �with i� j� denotes
here all the grain pairs in the system.

C. Magnetostatic versus dipolar picture

To calculate the intergranular magnetostatic interactions,
we conduct the following procedures. Suppose we have a
grain assembly with a volume distribution D�vi� obtained by
RHT, as shown in Fig. 4�a�.

Generally, the magnetic scalar potential �M of a given
body, e.g., a media grain, with known magnetization M is
given by

�M�r� = − 
V

� · M�r��
�r − r��

dV� + �
A

n̂ · M�r��
�r − r��

dA�, �4�

in the Gaussian cgs system of units. Since in our model, we
assume uniform magnetization inside each grain, the volume
integral of the first term vanishes. Furthermore, since we
consider the high anisotropy limit where magnetization of
each grain can be aligned only along the z-axis, only the top
and bottom surfaces will contribute to the surface integral of
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N=106 grains. Here v is in units of the mean grain volume v0.
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FIG. 4. �Color online� �a� A 2D grain assembly �with L=10 and N=100�
obtained by RHT with the tuning parameter P=0.2, which results in a grain
volume distribution D�v� with ��v��0.035v0. Ai and Aj denote surface
areas of grain i and j. �b� Schematic 3D view of the chosen grain pair.
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the second term. We define the magnetostatic field produced
by grain j as HMj

�r�=−��Mj
�r�. The magnetostatic energy

between grain i and grain j can then be written as

Ums
ij = −

1

2


Vi

Mi · HMj
dV =

1

2
Mi · 

Vi

��Mj
dV

=
1

2
Mi · �

Ai

�Mj
n̂idA

=
1

2
�

Ai

�
Aj

�n̂i · Mi��n̂ j · M j�
�r − r��

dA�dA . �5�

The coordinates of points in the top/bottom surface of grain
i and grain j are �x ,y , �d /2� and �x� ,y� , �d /2�, respec-
tively. Then it is easy to check that

Ums
ij =

1

2
SiSjM0

2I�ri,r j;d� . �6�

Here, Mi=SiM0ẑ, M j =SjM0ẑ with Si ,Sj = �1 and M0 is a
material parameter. The integral

I�ri,r j;d� = 
Ai

dxdy 
Aj

dx�dy�2

· � 1
��x − x��2 + �y − y��2

−
1

��x − x��2 + �y − y��2 + d2� �7�

is evaluated along the top surfaces �Ai and Aj� of the two
grains with centroid coordinates ri= �xi ,yi ,d /2� and r j

= �xj ,yj ,d /2�, respectively.
In the limit that the two grains are far away from each

other ��xi−xj�2+ �yi−yj�2�rij �d, the above integral can be
calculated as

I�ri,r j;d� � AiAj2� 1

rij
−

1

�rij
2 + d2� �

AiAjd
2

rij
3 ,

so that

Ums
ij �

M0
2d2AiAj

2a3

SiSj

r̃ij
3 � Jms

ij SiSj

r̃ij
3 , �8�

which is the dipole approximation. Here, r̃ij =rij /a is the re-
duced distance and Jms

ij is naturally defined to be the magne-
tostatic coupling strength between grain i and j in the long
distance limit

Jms
ij =

M0
2d2AiAj

2a3 = Jms
AiAj

A0
2 = Jms

viv j

v0
2 , �9�

with Jms=3M0
2d2a /8 being the magnetostatic coupling

strength in the regular hexagonal tiling case �Ai=Aj =A0

=�3a2 /2�. It is easy to recognize that Jms is just the dipolar
coupling constant Jdp used in our previous study.9

Having the complete magnetostatic solution, it is now
possible to calculate how good the dipole approximation is.
In Fig. 5, we show the ratio between the integration result
calculated from Eq. �6� and the dipole-approximation result

calculated from Eq. �8� as a function of rij �the distance
between the two grains’ centroids�, for various d and P.

One sees that for d=2, at r=1, the dipole approximation
overestimates the magnetostatic interaction by almost 200%.
While for d=1, at r=1, the dipole approximation overesti-
mates the magnetostatic interaction by only 20%. Note that
in a previous work,11 the magnetostatic interaction energy of
a three-dimensional �3D� array of FM cubes was calculated
and the authors showed that the dipole approximation for
nearest neighboring cubes overestimates the magnetostatic
energy by more than 17%, which is comparable to our result
given the fact that we are using different grain shapes.

We define rc to be the cutoff distance beyond which the
magnetostatic interaction can be calculated with the dipole
approximation, i.e Udp /Ums�1 with less than 1% error. It is
seen that rc depends on d crucially. For example, for d=1,
rc�4; for d=2, rc�15. �In our calculations, we set d=2 and
rc=20.� We also find that varying the RHT parameter P will
not change rc too much. This is demonstrated by the collapse
of the curves with same d but different P values. To save
computing time, we explicitly calculate the exact magneto-
static interactions only for grains with distance r	rc, while
for r�rc grains are still treated as in the dipole approxima-
tions.

Considering all the above changes, the model Hamil-
tonian of the interacting random hysteron model can now be
written as

H = − 	

i,j�

Jex
ij SiSj + 	

i�j

1

2
M0

2I�ri,r j;d�SiSj − 	
i

�H

+ sgn�Si�HSi
�ṽiSi, �10�

with ṽi=vi / 
v� being the scaled grain volume. Note that in
the absence of randomness in the exchange and magneto-
static couplings and within the dipole approximation, the
original Hamiltonian Eq. �3� is easily recovered from Eq.
�10�. The algorithm for the simulation of the major hysteresis
loops and the corresponding recoil curves of this model is
described in Ref. 7. For the numerical calculations of long-
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FIG. 5. �Color online� The ratio of the magnetostatic interactions between
two grains calculated from Eqs. �8� and �6�, respectively, as a function of the
grain centroid distance r, at various d and P. L=100. Both r and d are in
units of a.

123905-4 Liu et al. J. Appl. Phys. 105, 123905 �2009�

Downloaded 17 May 2013 to 158.227.184.199. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jap.aip.org/about/rights_and_permissions



range magnetostatic interactions in a system with periodic
boundary conditions, we utilized the efficient Lekner
formalism12 as described in the Appendix.

III. RESULTS

For our numerical study of the �H�M ,�M� method’s
reliability, we assume a Gaussian distribution D�HS� of width
� for a 2D triangular lattice comprising of total N grains.
Different systems sizes ranging from N=502 to 1002 have
been studied to estimate finite-size inaccuracies. In our
model Hamiltonian, Jex

ij , Jms
ij , H, HS, and � all have dimen-

sions of energy. Moreover, we set �=1 to be the unit of
energy.

The randomness in Jex
ij is explicitly varied by tuning Rex,

the relative width of D�Jex
ij �. In our simulation, we tune Rex

from 0 up to 0.2. Note that for a Gaussian D�Jex
ij � with posi-

tive mean, the ratio Rex=��Jex
ij � / 
Jex

ij �
0.2 is generally small
enough for probability of finding negative Jex

ij to be negli-
gible and, therefore, the exchange coupling is always FM in
our simulations. The randomness in Jms

ij is implicitly varied
by tuning the RHT parameter P from 0 up to 1.2. Corre-
spondingly, the relative width of the grain volume distribu-
tion D�v�, i.e., Rv���vi� / 
vi��0.17P, is tuned from 0 to
0.2. Note that 0
Rex
0.2 and 0
Rv
0.2 are the param-
eter ranges that are relevant for typical recording media. We
set the grain height d=2a. In calculating magnetostatic inter-
actions, Eq. �6� is used for grains with distance r	rc=20a
and Eq. �8� is used otherwise. We set the lattice spacing a
=1 to be the unit of length.

For every pre-defined randomness parameter set �P ,Rex�,
we tune both Jms and Jex. Note that Jms denotes the magne-
tostatic coupling strength between two grains in the long
distance and P=0 limit. Jex is the mean value of the intro-
duced D�Jex

ij �. We calculate the complete set of M�H�-curves

�both the saturation hysteresis loop and the recoil curves�,
from which the �H�M ,�M� data sets are then extracted.

A. M„H…

The results displayed in Fig. 6 show several specific ex-
amples. The simulated M�H� curves are shown in the first
and third column. It is clearly seen that increasing the
strength of magnetostatic interaction Jms shears the hysteresis
loops substantially as expected. The second and forth column
display the corresponding �H�M ,�M� curves. The solid
lines are the numerically extracted results from the simulated
M�H� curves while the dotted lines denote the mean-field
behavior according to the expression of �HG�M ,�M�. Com-
paring Fig. 6�d1�, �e1�, and �f1�, we find that the magneto-
static interactions of intermediate strength make the system
most mean-fieldlike and consequently the �H�M ,�M�
method is most reliable there, corroborating our earlier
result.9 On the other hand, comparing Fig. 6�e1� with Fig.
6�e2�, we find that the presence of randomness in Jms and Jex

slightly change the system behavior from mean-fieldlike and
consequently decreases the reliability of the �H�M ,�M�
method somewhat.

B. Reliability measures

In our previous studies, we have introduced quantitative
reliability measures to test the �H�M ,�M� method in a sys-
tematic way.7,9 The reliability range of the mean-field ap-
proximation, upon which the �H�M ,�M� method is based,
can be checked by means of a least-squares fit of
�HG�M ,�M� to the numerical data and a subsequent analy-
sis of the conventional fit-quality measures, such as: �1� the
square of the multiple correlation coefficient R2 and �2� the
percentage difference Pd between the fitting result and the
input parameter �. By definition, R2=1 and Pd=0 would

FIG. 6. �Color online� Using Gaussian D�HS� with width �=1.0 to calculate the M�H� and �H�M ,�M� curves on a 2D triangular lattice with N=502 grains
and Jex=0.4. �Columns 1 and 2� P=0, Rex=0. �Columns 3 and 4� P=1.2, Rex=0.2. Rows: Jms=0.01,1.2 and 2.5 from top to bottom. �Columns 1 and 3� M�H�
curves: main loop and five recoil curves. �Columns 2 and 4� �H�M ,�M� curves for the five recoil curves: �solid lines� numerical result; �dotted lines�
mean-field approximation. Here M �or �M� is normalized to the saturation value MS=N and H �or �H� is normalized to the coercive field HC.
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correspond to perfect data fitting, i.e., the exactness of the
mean-field limit. We calculated a least-squares fit to
�HG�M ,�M� for the numerically extracted �H�M ,�M�
data for each parameter set of �P ,Rex;Jms,Jex�. From these
fits, we then computed both Pd and R2. The results are shown
in contour plots �Figs. 7 and 8�.

Besides the fit-quality measures R2 and Pd, there is a
self-consistency-check measure, which is based upon data
redundancy in between multiple recoil curves.7 One can test
data for deviations from this redundancy by means of a
quantity r= 1

n	i,j
rij
2 �M��1/2 with rij�M����Hi�M�+�Hj�M

− �Mj� − �Hi�M − �Mj� − �Hj�M − �Mj + �Mi�� / ��Hi�M�
+�Hj�M −�Mj�+�Hi�M −�Mj�+�Hj�M −�Mj +�Mi�� de-
fined for recoil curve pair �i , j�. In mean field theory,
rij�M�=0 and consequently r=0.7 Therefore the value of
rij�M� or r just monitors the deviation from the mean-field
approximaiton. r is obtained by averaging rij�M� over a gen-
eral set of multiple recoil curves. r can be considered as a
quantitative measure that allows an accurate check of how
close or far any �H�M ,�M� data set is from fulfilling the
mean-field approximation. The specific advantage of this
quantity r is that it can be directly calculated from data sets
alone without the need for any data fitting. The results are
shown in contour plots �Fig. 9�.

1. Contour plots

The overall shape of the contour plots in the absence of
interaction randomness has been qualitatively explained by
the interaction compensation effect.9 From the model Hamil-
tonian Eq. �10�, we know that the intergranular exchange
interactions are FM and short-range while the magnetostatic
interactions are AFM and long-range. The competition be-
tween the two “opposite” interaction tendencies will yield a
variety of system behaviors. The key point is that only when
Jms is comparable with Jex can the magnetostatic and ex-
change interactions cancel most. Consequently, the system is
most mean-fieldlike and the �H�M ,�M� method is most re-
liable there. This parameter range is called the interaction
compensation region or equivalently the reliability range of
the �H�M ,�M� method. Individually increasing either one
will make the �H�M ,�M� method less reliable, while in-
creasing both of them with proper strength ratio will substan-
tially extend the reliability range. This explains why the
overall contour shape is nearly symmetric along the direction
with Jms /Jex�constant. The slight tilt of the ellipse upwards
results from the fact that only the nearest neighbor interac-
tions are compensated, but not the total interaction fields.
Due to its long-range nature, the total magnetostatic field
actually dominates the exchange. However, due to the almost
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FIG. 7. �Color online� P and Rex dependent contour plots of the reliability measure Pd. The critical contour with Pd
c =−0.04 is marked with thick solid lines.
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perfect suppression of the nearest neighbor interactions in
this case, the correlation processes that produce deviations
from the mean-field behavior are effectively suppressed. This
suggests that the �H�M ,�M� method can clearly cope with
higher magnetostatic interactions than exchange interactions,
in agreement with previous micromagnetic tests.5

Upon looking at the resulting structures in Figs. 7–9, we
notice that the overall contour shape is nearly symmetric
along the Jms /Jex=3 direction. Note that in our previous
study where the dipole approximation was used, we found
the contour plot to be nearly symmetric along the Jdp /Jex

=1 direction. From the Eq. �3� we notice that if Jdp /Jex=1,
the exchange and dipolar interactions will cancel exactly for
the nearest-neighboring grains, which have r̃ij =1. This par-
tially explains why the contour plot is nearly symmetric
along the Jdp /Jex=1 direction. In contrast to these earlier
studies, we consider here the exact magnetostatic interaction
�Ums� instead of dipole interaction approximation �Udp� for
grains that are close to each other. In the case of d /a=2, our
calculation demonstrates that the dipole approximation is
rather unreliable with Udp /Ums�3 for the nearest neighbor
grains �r̃ij =1�. Correspondingly, Jms needs to be about three
times the size of Jex to compensate the nearest neighbor grain
interactions in the proper magnetostatic calculations. This
explains why the contour is nearly symmetric along the
Jms /Jex=3 direction.

Secondly, we find that with increasing randomness in the
couplings, the reliability range shrinks slightly but in a well-
defined fashion. To quantify the shrink, one can define a
critical value for each reliability measure, above which this
method is sufficiently accurate. For example, we might de-
fine Pd

c =−0.04, Rc
2=0.99, and rc=0.012 to be the critical

value for Pd, R2, and r, respectively. These particular con-
tours will be referred to as the critical contours, and marked
with thick solid lines in our plots. We find that the areas of
these critical contours keep decreasing upon increasing ran-
domness in the exchange and magnetostatic couplings.
Moreover, in the limit that P=0, i.e., uniform grain volumes
and uniform magnetostatic couplings, the shrink of the criti-
cal contours upon increasing Rex is faster than the P�0
cases. Similarly, in the limit that Rex=0, i.e., no randomness
in the exchange couplings, the shrink of the critical contours
upon increasing P is faster than the Rex�0 cases. This be-
havior can be understood as above using the interaction com-
pensation effect argument. In the case of one interaction type
being uniform, the probability of canceling the contributions
from the nearest neighbor interactions is smaller than the
case of both interaction types being random. Because even
though the first moment contributions from exchange and
magnetostatic interactions might be equal, the second and
higher moments of the coupling constant distributions will
not be. In other words exact cancellation for nearest neigh-
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FIG. 8. �Color online� P and Rex dependent contour plots of the reliability measure R2. The critical contour with Rc
2=0.99 is marked with thick solid lines.
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bors is very unlikely in this case. However, in case of ran-
dom exchange and magnetostatic coupling constants, there
exists a possibility for cancellation of even higher order mo-
ment contributions. Therefore, it is expected that the pres-
ence of randomness in both interaction types can actually
improve performance of the �H�M ,�M� method compared
to cases with either one interaction type being uniform.

2. Correlations

Overall, the contour plots of the three reliability mea-
sures show very similar features, which indicates that there
could be correlations with each other. Moreover, as men-
tioned above, the deviation-from-redundancy measure r can
be directly calculated from data sets alone without the need
for any data fitting. Knowledge of a possible correlation be-
tween the fit-quality measure �either R2 or Pd� and the
deviation-from-redundancy measure r will enable the estima-
tion of the suitability of the �H�M ,�M� method even with-
out any data fitting. Considering this, we plot R2 versus r, Pd

versus r, and R2 versus −Pd for the complete data set of
different �P ,Rex;Jms,Jex� �see Fig. 10�. In order to show the
trend more clearly, only three sets of �P ,Rex� are shown here.

From Fig. 10�a� or Fig. 10�b�, we find that in the absence
of random couplings, i.e., �P ,Rex�= �0,0�, the data points fall
onto a fairly well-defined curve, in the high R2 or low �Pd�

range, where the utilization of the �H�M ,�M� method is
sensible and accurate. This indicates that R2 and Pd are
highly correlated with r in the regime where these quantities
matter, corroborating our earlier result.9 One now has a cri-
terion that enables a judgment on the usefulness and reliabil-
ity of any �H�M ,�M�-data set evaluation. In practice, one
simply determines the r value from experimental or model-
ing data sets, looks up the expected precision with the help
of the correlation plots Fig. 10 and then decides if a further
data analysis is warranted or not. This procedure can be
termed as the r-parameter quality control.

Upon adding randomness into Jex and Jms through in-
creasing Rex and P, the Pd versus r �or R2 versus r� correla-
tion is approximately preserved but the curve is slightly
shifted to right. Also, the data spread has increased slightly
as illustrated by the increasing error bars. This right shift in
the r-dependence of the fit qualities simply reflects the fact
that increasing Rex and P causes an elevated level of redun-
dancy suppression, even though the �H�M ,�M� method still
works well and gives precise fit parameters. This right shift
also means that the r-parameter quality control still works
and produces an even more stringent quality control test in
the presence of nonuniform couplings.

From Fig. 10�c�, we find that the data points fall onto
fairly well-defined curves in spite of the presence of nonuni-
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FIG. 9. �Color online� P and Rex dependent contour plots of the reliability measure r. The critical contour with rc=0.012 is marked with thick solid lines.
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form couplings. This indicates that R2 and Pd are highly
correlated with each other and this correlation is not affected
by the randomness of couplings.

IV. CONCLUSION

In summary, we developed an interacting random hys-
teron model, which self-consistently accounts for the local
variations of the exchange and magnetostatic interactions
and their correlations with the geometrical distribution of
grains in magnetic recording media. We used the so devel-
oped model to generate hysteresis loop data for different in-
teraction magnitudes and different amounts of the random-
ness and performed an identification analysis aimed at
extracting the intrinsic SFD from the hysteresis loops. The
conventional �H�M ,�M�-methodology has been used as an
extraction tool. We find that, even in the presence of locally
varying exchange and magnetostatic couplings, the SFD can
be determined by means of the �H�M ,�M� method; how-
ever, with a somewhat reduced accuracy. The strong and ro-
bust correlations among the reliability measures gives a natu-
ral r-parameter quality control procedure, which can be
utilized as a criterion to decide if a full scale data analysis is
warranted, even in the case of nonuniform couplings.
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APPENDIX: CALCULATE LONG-RANGE
MAGNETOSTATIC INTERACTIONS

In our previous study, the Lekner formalism was used to
deal with the long-range dipolar interactions within a peri-
odic system.9 All grains were considered as dipoles there. In
calculating the long-range dipolar interaction between grain i
and j, we have to take into account: �1� the dipolar interac-
tion between grain i and j in the central simulation cell; �2�
the dipolar interactions between grain i in the central simu-
lation cell and all the images of grain j in the image cells.
Therefore, the dipolar interaction energy must be calculated
as

Udp = Jdp 	
i�j

all cells

SiSj

r̃ij
3 = Jdp	

i,j
SiSj	

C
�

1

�r̃ij + C̃�3

� Jdp	
i,j

SiSjF̃ij . �A1�

Here the C-sum is over all the simulation cells. The prime on
the C-sum indicates that it is over all images of grain j ex-
cept C=0 if j= i because we assume that grain i interacts with
all its periodic images, but not with itself. In the case that the
central simulation cell is a 2D lattice with rhombus shape of

angle � and side length L= L̃a, one has C= �l+�m ,m�L̃a

= C̃a with l, m integers, �=cos �, and =sin �. The C-sum
can then be written as

F̃ij = L̃−3 	
l,m=−�

�

�
1

���ij + l + �m�2 + ��ij + m�2�3/2 , �A2�

with �ij = �xi−xj� /L and �ij = �yi−yj� /L. Here the prism indi-

cates that we omit the l=m=0 term if �ij =�ij =0. F̃ijL̃
3 can

be efficiently calculated with the Lekner formalism, which
converts the slowly convergent summation to a rapidly con-
vergent one

F��,�� =
2�2

2 sin2���/�
+ 8�	

l=1

+�

	
m=−�

+�

cos�2�l�� + �m��

�
l

�� + m�
K1�2�l�� + m�� , �A3�
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FIG. 10. �Color online� Correlations between the reliability measures: �a� Pd

and r; �b� R2 and r; �c� R2 and −Pd. Data points with the same �P ,Rex� value
are grouped and shown with the same symbol, as indicated by the legend. In
these Y�X�-correlation plots, we calculate the average X values within linear
Y-bins. The error bars present the 95% confidence interval, i.e., �2�.
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F��,�� =
2�2

2 sin2����/�
+ 8�	

m=1

+�

	
l=−�

+�

cos�2�m��� + �l��

�
m

��� + l�
K1�2�m��� + l�� , �A4�

with ��=�−��, ��=��+�, and K��z� is the modified
Bessel function of the second kind.12,13

Similarly, in the magnetostatic picture, the magnetostatic
energy of the periodic system has to be calculated as

Ums = 	
i�j

all cells

1

2
SiSjM0

2I�ri,r j;d�

= 	
i�j

all cells

1

2
SiSjM0

2a3I�r̃i, r̃ j; d̃�

= 	
i,j

1

2
SiSjM0

2a3	
C

�I�r̃i, r̃ j + C̃; d̃� , �A5�

with d̃=d /a. At first glance, the C-sum here is extremely
complicated due to the four-dimensional integrals I�r̃i , r̃ j

+ C̃ ; d̃�. However, as discussed in Sec. II C, if rij �rc, these
integrals can be calculated with the dipole approximation
very well. Only when rij 	rc, shall we deal with the integrals
explicitly. Fortunately, this does not happen too often. As
long as rc
L /2, it is easy to show that for grain i and grain
j �and all grain j images�, if there is one pair which fulfills
r	rc, then this is the only pair. Because grain j and all its
images are separated by at least distance L. �This proof is
very similar to that of the “minimum image criterion” used
in the molecular dynamics simulation.� Therefore, we can
easily correct the dipole approximation

	
C

�I�r̃i, r̃ j + C̃; d̃� = 	
C

�
ÃiÃjd̃

2

�r̃ij + C̃�3
−

ÃiÃjd̃
2

r̃ijmin

3

+ I�r̃i, r̃ jmin
; d̃� , �A6�

with Ãi=Ai /a2 and Ãj =Aj /a2. The first term, i.e., the dipole
approximation, can be calculated within the Lekner formal-

ism. The rest is the correction and can be easily calculated.
Note that jmin denotes the minimal image of grain j which
satisfies rijmin

	rc. For some pairs of grains, there are no such
minimal images at all, which means we can safely use the
dipole approximation without corrections. Otherwise, we just
use Eq. �A6� to calculate the magnetostatic interaction. In all
cases, this can be done in advance and saved into a file for
future use in the calculation of M�H� curves.

It is useful to combine Eqs. �A5� and �A6� to derive

Ums = 	
i,j

Jms
ij SiSjF̃ij� , �A7�

with

F̃ij� � F̃ij −
1

r̃ijmin

3 +
1

ÃiÃjd̃
2
I�r̃i, r̃ jmin

; d̃� . �A8�

Comparing Eq. �A7� with Eq. �A1�, one can easily see the
modification we have done so far. In the limit that there is no
microstructural disorder, one has Jex

ij =Jex, ṽi=1, and Jms
ij

=Jms. Furthermore, if dipole approximation is used then

Jms=Jdp and we have F̃ij� = F̃ij, i.e., the original Hamiltonian
Eq. �3� is recovered from Eq. �10�.
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