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We consider the phenomenon of electric Mott transition (EMT), which is an electrically induced
insulator-to-metal transition. Experimentally, it is observed that depending on the magnitude of the electric
excitation, the ﬁnal state may show a short-lived or a long-lived resistance change. We extend a previous
model for the EMT to include the eﬀect of local structural distortions through an elastic energy term. We
ﬁnd that by strong electric pulsing, the induced metastable phase may become further stabilized by the
electroelastic eﬀect. We present a systematic study of the model by numerical simulations and compare
the results to experiments in Mott insulators of the AM4 Q8 family. Our work signiﬁcantly extends the
scope of our recently introduced leaky-integrate-and-ﬁre Mott neuron [P. Stoliar et al., Adv. Funct. Mat.
27, 1604740 (2017)] to provide a better insight into the physical mechanism of its relaxation. This is a key
feature for future implementations of neuromorphic circuits.
DOI: 10.1103/PhysRevApplied.10.054001

I. INTRODUCTION
The information age we live in is supported on a
physical underlayer of electronic hardware, which originates in condensed-matter physics research. The mighty
progress made in recent decades has produced faster and
more power-eﬃcient electronic devices. This has enabled a
seemingly endless improvement in computer performance.
However, with the smallest feature size of transistors
extending down to a mere 5 nm, the present technology is
reaching an unavoidable physical limit. This situation concerns the current computational paradigm, which is based
on binary logic and the von Neumann architecture. While
incremental progress in this direction is likely to continue,
the search for disruptive technologies is under way.
On the other hand, we are currently witnessing signiﬁcant progress in artiﬁcial intelligence. In fact, older algorithmic paradigms, such as neural networks combined with
newer ideas such as wavelet-based ﬁltering, have produced
a remarkable improvement in the performance of computers at dealing with tasks where they were traditionally
*
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poor, such as pattern recognition. This area of research is
known as Deep Neural Networks [1,2]. However, most
of this progress has been reached by running the new
algorithms with conventional codes on conventional (i.e.,
von Neumann) computers. While the performance of these
algorithms with regard to many tasks is remarkable, it is
unfortunately limited by the computational power of current machines. For instance, the number of synapses in a
brain is 1015 ; thus even if one allocates a single memory
byte per synapse, conventional computers fall irreparably
short.
Therefore, an exciting perspective is to implement the
neural networks directly on hardware, by realizing novel
electronic devices that may directly implement neural
network functionality. These bioinspired electronic circuits have two key new components: one is a “synapse
analog” and the other is a “neuron analog.” The former can be implemented by a nonvolatile resistance,
the value of which can be programmed (and reprogrammed) by the application of voltage pulses. This can be
eﬀectively done by the so-called resistive random-access
memory (RRAM) devices, also known as memristors
(for “memory-dependent resistors”). These devices have
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been intensively investigated and developed over the past
decade. The basic physical mechanisms for the resistive
change in these oxide memristive devices are now understood in a certain amount of detail [3]. They are mainly
based on achieving structural changes by inducing oxygen
or metallic-ion migration [4,5]. After more than a decade
of intensive research, these types of devices are beginning
to reach the market.
This signiﬁcant progress enables the implementation
of a “synapse analog” [6,7]. Unfortunately, progress in
research into and the implementation of a “neuron analog” has not been comparable. Hence, their development
is becoming urgent.
In the context of resistive-change systems, we may mention a few important contributions toward devices with
a “neuron”-inspired functionality: one is the “neuristor,”
which realizes a functionality similar to the HodgkinHuxley model for electric-pulse propagation in biological
axons [8,9]. Another example is the self-oscillating spiking
neuron, which is based on thermodynamic interactions in
materials with negative diﬀerential resistance [10–12]. One
more example, which concerns us more directly here, is
the “artiﬁcial neuron,” which implements the functionality
of a leaky-integrate-and-ﬁre (LIF) biological spiking neuron [13]. Remarkably, all these implementations are based
on Mott insulators [8,14], which are strongly correlated
systems that exhibit metal-insulator transitions [15].
Here, we shall focus on the latter of these types of artiﬁcial neurons. More speciﬁcally, we shall gain insight into
a key feature of the LIF functionality, namely the “leaky”
property, and we shall study the recovery behavior of the
Mott neuron right after the ﬁring event, which corresponds
to the “refractory period” of a biological neuron. In the LIF
model, a neuron is excited by a train of incoming electric pulses (spikes), which are integrated in time by the
neuron, until it reaches a threshold level where it fires a
spike. The “ﬁring event” in the Mott neuron corresponds to
the electric Mott transition (EMT), which is the resistance
collapse of the Mott insulator. The leaky property models the fact that in the “down” time in between pulses, the
excitation level of the neuron slowly decays, with a given
relaxation-time constant. Evidently, for a neuron to reach a
threshold and ﬁre, the time delay between arriving pulses
has to be shorter than the relaxation-time constant of that
neuron [14]. Therefore, the control of the “leaky time” is
a key issue. On the other hand, the “refractory time” of a
biological neuron refers to the period of time right after
the ﬁring event, during which the neuron cannot ﬁre again.
As we shall see below, in our artiﬁcial Mott neuron model,
both features are related to the same underlying mechanism, which leads to two characteristic relaxation times of
the system.
One may naively expect that the relaxation time would
be an intrinsic constant of the material; however, the situation is more complex since the artiﬁcial neurons are

based on strongly correlated Mott materials that undergo
insulator-metal phase transitions. In systems in equilibrium, Mott transitions can be induced and controlled by
a variety of parameters, such as pressure, chemical doping, and temperature. However, in the present situation, the
understanding of the relaxation is further complicated by
the fact that the LIF functionality is a property of the system out of equilibrium; that is, when the EMT is induced
by pulses of electric ﬁeld that provoke a partial dielectric
breakdown. During this breakdown, the resistance collapses [14,16] and then spontaneously recovers back to the
original value some time after the application of the electric pulse is terminated. The theoretical understanding of
the recovery of a Mott insulator from the collapsed resistance state is a challenging many-body out-of-equilibrium
problem of actual interest [17].
EMT experiments show that the relaxation from the low
to the original resistance state of a Mott insulator depends
signiﬁcantly on the strength of the applied electric ﬁeld
[18]. In fact, the systematic study of the ﬁeld-induced
dielectric breakdown in the Mott system GaTa4 Se8 and
similar compounds has revealed the existence of three different regimes: (i) at low applied electric ﬁelds there is,
of course, no large resistance change; (ii) at intermediate
ﬁeld strength there is a volatile change of resistance, that
is, there is a sudden collapse followed by a spontaneous
recovery to the original insulating state; and (iii) at high
ﬁelds there is a seemingly nonvolatile change of resistance,
that is, the resistance collapses and does not spontaneously
recover (recovery may take a very long time or be virtually
inﬁnite).
We should note that the resistive change in regime (ii) is
a perfectly reproducible eﬀect and the breakdown occurs
after a delay time tD (of the order of microseconds to milliseconds) that is strongly dependent on the applied voltage
[18]. When the applied voltage pulse is terminated, the low
resistance relaxes back to the original high value in a characteristic time that we shall denote by τR [13]. In contrast,
in the nonvolatile regime (iii) the resistance change is permanent, i.e., τR → ∞. In this regime, the initial resistance
state may still be recovered by either further pulse application or heating of the sample. Thus the resistive changes in
this regime are more diﬃcult to control and may involve
structural modiﬁcations.
In previous works, we have introduced a model that
captures some aspects of the basic phenomenology of the
EMT [14]. However, a shortcoming of that model is that
it has a single relaxation time (τR ) for the recovery of
the “broken-down” metallic regions back to the initial
Mott-insulator state. Evidently, this feature cannot account
for the dependence of τR on the applied-pulse strength
in regime (ii) as is observed in experiments and that we
shall report here. Thus, the main goal of the present work
is to extend the previous model to capture the behavior of the relaxation time in the EMT experiments. We
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FIG. 1. The leaky and recovery phases are depicted in red and
green, respectively. The ﬁrst takes place in between pulses and
the second after the EMT, that is, after the neuron ﬁres.

shall show that by introducing an electroelastic eﬀect, the
relaxation time τR will display a nontrivial behavior, providing a qualitative explanation for the results obtained in
the experiments.
Before introducing the model, we should clarify a few
important points that connect the present study to a model
of a neuron analog aimed at the implementation of bioinspired neural networks. As shown in Fig. 1, the leaky
time [13] is associated with the dynamics of the neuron in
between the arriving pulses before the ﬁring. Experimentally, this leaky stage may be explored and characterized
by the application of short electric pulses before the resistance collapse (i.e., the firing event) [13]. In contrast, the
recovery from the low-resistance state, which begins when
the pulse application is terminated (see Fig. 1), should be
associated with the “refractory time” of a biological neuron. However, we should mention that there is a signiﬁcant
diﬀerence between the refractory time of a biological neuron and the Mott neuron. In the former, the neuron is “oﬀ”
during the refractory time, that is, arriving spikes cannot
induce a new action potential. In contrast, in the Mott neuron the system is relaxing from the low-resistance state,
which means that arriving pulses may still generate current
(ﬁre) pulses through the device. Because of this diﬀerence,
we term the recovery of the high-resistance state as the
“recovery time” instead of the refractory time (see Fig. 1).
As we shall see from study of the simulation results of
our model, the leaky and recovery times are associated
with diﬀerent microscopic physical situations. The leaky
process corresponds to the relaxation of isolated metallic regions in an essentially insulating system, while the
recovery period corresponds to the rupture or depercolation process of already formed metallic ﬁlaments. As we
shall show in the experiments that we report here, our
modeling work provides a useful insight into the control
of these relevant neuronal model features.
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The paper is organized as follows. We introduce our
model in Sec. II. We describe its main features and we
make a brief comparison with our previous model, presented in Ref. [14]. In Sec. III, we analyze the process
of ﬁlament formation and growth (related to the leakyintegration period). First, we study the dynamics of the
ﬁlament formation and the origin of the threshold voltage.
Then we analyze the subsequent thickening process of the
formed metallic ﬁlaments. In Sec. IV, we study the relaxation process of the low-resistance state back toward the
insulating state. We see that the inclusion of electroelastic eﬀects can induce dramatic changes in the relaxation
times. In Sec. V, we analyze the relaxation process under
the action of external subthreshold voltages. We compare
simulations with our latest experimental results, which
provide further validation for our model. Finally, in Sec.
VI, we analyze the dependence of the recovery time on the
strength and duration of the external applied voltage. We
analyze two diﬀerent voltage protocols (a single pulse and
a train of pulses) and a comparison between experiments
and simulations is presented for each case. The protocol
of a train of pulses bring us closer to the realm of spiking
neurons.
II. THE MODEL
We start from the model introduced by Stoliar et al. [14],
which consists of a two-dimensional (2D) resistor network,
where each element of the network represents a small
(nanoscale) region of the physical Mott system [14,19].
The cells of the network are assumed to be large enough so
that its electronic state is well deﬁned. Imaging technique
experiments with nanoscale spatial resolution have shown
that across the Mott transition there is a coexistence of
metallic and insulating phases with inhomogeneous distributions down to the few nanometers [20,21]. Each cell site
is assumed to be in one of two electronic states: the Mottinsulator (MI) state or the correlated-metal (CM) state.
These states are associated, respectively, with high and
low resistance values, RMI and RCM . The resistor-network
model is shown schematically in Figs. 2(a) and 2(b). Since
the experimental systems are normally in the insulator
state, the model assumes that the MI state is the lowest
in energy, which is deﬁned as the reference EMI = 0. The
CM state is assumed to be a metastable state, with a higher
energy ECM , and separated from the MI state by an energy
barrier EBE of purely electronic origin [see Fig. 3(a)]. From
dynamical mean-ﬁeld theory calculations of the Hubbard
model for Mott systems [22,23], one may expect that the
energy diﬀerence between these states may be of the order
of a few tens of millielectronvolts, substantially smaller
than the electronic bandwidth.
In the present numerical study, we follow the
methodology of Ref. [14]. By analogy with the actual
experimental setup, we adopt an electric circuit with a
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(a)

(b)

(c)

(d)

FIG. 2. (a) The circuit diagram of the system. (b) A diagram of
the 2D resistive network of the model, from Ref. [14]. (c) A diagram of the 1D ﬁlament approximation: all transverse currents
have been neglected. (d) A diagram of the 1D approximation
with local elastic interactions (represented by the blue springs).

constant load resistance RL , as shown in Fig. 2(a). Thus,
the resistances of the system, RS and RL , form a voltagedivisor circuit. If we denote the externally applied voltage
protocol by V(t), then the voltage in the resistor network
is given by VS (t) = (RS (t)/(RS (t) + RL ))V(t). The external
voltage can be set as any arbitrary proﬁle V(t), which upon
discretization of the time becomes V(ti ) at each time step ti .
Initially, all lattice cells are assumed to be in the MI state.
Then, at every time step ti , the full resistor-network circuit
is solved, obtaining all the local voltage drops Vij at each
cell site ij , and the total resistance RS (ti ) between the top
and bottom electrodes. For simplicity, the electrodes are
assumed to be perfectly metallic [see Fig. 2(b)] [14].
At each time step, the state of the resistor network
is updated following the procedure of Ref. [14]. The
probability for a given insulator cell to undergo a local
EMT—that is, from MI to CM at time step ti —is given
E
by PMI→CM = νe−(EB −eV(ti ))/kB T , where the constant ν is
an attempt rate, e is the charge of the electron, V(ti ) is
the computed local voltage drop at the given cell, kB is
the Boltzmann constant, and T is the temperature. This is
(a)

(b)

FIG. 3. (a) The energy landscape of the model. The Mottinsulator (MI) and correlated-metal (CM) states are separated by
the energy barrier EB . (b) The height of the barrier is aﬀected by
local structural distortions according to the elastic energy cost of
Eq. (2). We show the diﬀerent possible conﬁgurations for a ﬁrstneighbor interaction with their respective energy values. Here, κ
corresponds to the elastic constant [see Eq. (2)].

an Arrhenius-like law, where the key feature is that the
local electric ﬁeld increases the probability that the cell
will undergo a local EMT. This assumption should (hopefully) be fully supported by out-of-equilibrium many-body
calculations.
A crucial ingredient of the model is the metastability of the CM state. In fact, if a given cell undergoes a
MI → CM transition, then the metastable CM state may
relax back to the MI one. The transition rate for the
relaxation is also given by an Arrhenius-like expression
E
PCM→MI = νe−(EB −ECM )/kB T ; hence the model has a ﬁxed
relaxation time τR . We note that in this relaxation process,
the term eV may be omitted since RCM  RMI , so the
voltage-drop eﬀect is neglected at the CM sites.
Thus, in the numerical simulation, the 2D resistor network is solved at each time step ti for a given protocol
V(ti ). The local voltage drops Vij (ti ) are computed for
all cells ij . The state of the cells is updated according
to the above probabilities. This gives a new value of the
total (two-point) resistance RS (ti ) of the system and then
the simulation proceeds. For simplicity, values of energies
throughout the paper will be expressed in units of k B T,
voltages in units of k B T/e, and times in units of ν −1 (or,
equivalently, in simulation steps).
The previous numerical studies [14,19] have shown
that the resistive collapse in the EMT is due to the sudden formation of ﬁlamentary structures of the CM phase,
which connect the two electrodes. These structures grow,
as expected, along the electric-ﬁeld lines. Less evident has
been the observation that while right after the percolation
the ﬁlament connecting the two electrodes is quite inhomogeneous, it nevertheless continues to evolve until it rapidly
reaches a rather homogeneous thickness [14]. This is illustrated in Fig. 4(a). This feature suggests that the transverse
currents, i.e., those perpendicular to the direction of the
applied ﬁeld, may not play a crucial role, at least after
some irrelevant brief transient time. Since the numerical
solution of the 2D resistor network is by far the most timeconsuming part of the numerical simulation, motivated
by the previous observations, we numerically explore the
possibility of neglecting the transverse currents altogether
in our simulations, which would dramatically boost the
computational speed. In Figs. 4(b)–4(d), we show a comparison of typical experimental data of resistive switching
(RS) of the EMT for various applied external voltages and
the respective results of the simulations for the 2D model
[panel (c)] and for the case where the transverse currents
are neglected [panel (d)]. We see that the latter simulations
capture the behavior qualitatively, in a very similar manner compared to the 2D model [14]. This simpliﬁcation
leads to a dramatic speed-up of the simulations. In fact,
instead of solving a 2D resistor matrix, we simply have a
collection of one-dimensional (1D) series resistor chains,
which is trivially solved. This enables us also to consider signiﬁcantly larger systems and, more importantly,
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FIG. 4. (a) A snapshot of the simulated 2D resistive network
after EMT, adapted from Ref. [14]. The black and blue dots
indicate the sites that are in the CM state, while the gray dots correspond to the sites in the MI state. The dots forming ﬁlaments
are colored for easier visualization. (b) Experimental RS curves
for diﬀerent applied voltages in a GaTa4 Se8 device, showing the
EMT or resistance collapse at a delay time tD . The curves correspond to voltage values of 6, 40, 44, 56, and 86 V (from right
to left in the plot). The delay time tD is indicated in the plot for
two diﬀerent curves. We observe that the ﬁrst curve at V = 6 V
is beneath the threshold voltage and does not induce the EMT.
The duration of the pulses is limited to 50, 45, 30, 15, and 6 μs,
respectively. The experiments are performed at a temperature of
T = 77K (for the experimental details, see Sec. VII). The curves
show an initial transient increase due to capacitive eﬀects. (c)
Numerical simulations from the original 2D model, adapted from
Ref. [19]. The simulations are performed for a 40 × 128 network (N × W) with EBE = 20, ECM = 10, EMI = 0, RL = 0.1443,
RCM = 0.3RL , and RMI = 16.41RL . The curves correspond to V
values of 400, 600, 650, 700, and 750, respectively (from right to
left). (d) Numerical simulations from the 1D ﬁlament approximation: the model parameters are as in (c). The curves correspond to
V values of 300, 380, 400, 450, and 500, respectively (from right
to left). As mentioned in the text, energies are expressed in units
of k B T, voltages in units of k B T/e, and times in units of ν −1 . The
approximation provides similar qualitative behavior and enables
a speed-up of the calculations by a factor of 60. This allows us to
perform a systematic study of the long-time relaxation behavior.

to simulate for longer times. This turns to be crucial for the
systematic study of relaxation eﬀects, which are relatively
much longer than the typical time to dielectric breakdown.
We shall come back to this approximation later, when we
introduce the electroelastic interactions.
This model has already provided valuable insights and
very good qualitative agreement with experiments, such
as the existence of a threshold ﬁeld and the decrease of
the delay time of the resistance collapse with the increase
of the applied voltage [14]. However, as it stands, if fails
to capture the existence of diﬀerent relaxation regimes (ii)
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and (iii) as described in Sec. I. In fact, the model has a
single intrinsic relaxation time, which is solely set by the
energy diﬀerence between the electronic energy barrier and
the metastable CM state, E = EBE − ECM .
Thus, in order to qualitatively capture the observed
experimental behavior where strong voltage pulsing may
realize low-resistance states that are long-lived, we shall
extend the model by making an additional assumption.
Speciﬁcally, we shall introduce the energy cost associated
with the formation of a MI-CM boundary interface. We
may rationalize this as an elastic energy that originates
from the structural strain created at the boundary between
the two distinct electronic phases. In fact, experimentally,
using scanning tunneling microscopy (STM) techniques, a
large electromechanical eﬀect has been observed, which
was interpreted as a strong self-compression of the lattice structure in the metal state [21]. Therefore, we add
to the model the assumption of an elastic deformation
energy EEL , which is a supplementary energy cost associated with the transition when two nearest-neighbor cells
would end in diﬀerent states. In other words, it is an energy
penalty for creating spatial inhomogeneities. As we shall
see, this assumption creates spatial correlations in the way
in which multiple ﬁlaments grow. In our previous model,
ﬁlaments would grow at random, in essentially uncorrelated positions, across the system. However, the addition
of the elastic energy promotes the grow of new ﬁlaments
neighboring previous ones, thus promoting the thickening
of ﬁlamentary structures.
The simplest way to include this in the model is by
adding this eﬀect into the deﬁnition of the energy barrier.
Thus, we may write the energy of the barrier EB of the
ith site of the lattice as follows:
EB (i) = EBE + EEL (i),

(1)

with the elastic energy cost being
EEL (i) = κ



(1 − qi qj ),

(2)

j

where the variable qi = ±1 indicates the current state of
the ith cell (say, MI = 1 and CM = −1), qi is the proposed
new state for the ith cell (i.e., qi = −qi ), the index j of the
sum runs over the number of nearest neighbors Q, and κ is
an elastic constant.
Thus, if initially the ith cell is in the same state as all of
its neighbors, then the barrier to overcome is (maximally)
increased from the electronic value EBE by the amount of
EEL = 2κQ corresponding to the maximal mismatch. If, on
the contrary, the ith cell is initially in a diﬀerent state with
respect to all of its neighbors, the barrier to overcome is
solely the electronic one, as EEL = 0, since all cells would
end up in the same phase. For simplicity, we shall consider
here that the range of the elastic term is only to the nearest
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neighbors, so that in the present 2D lattice Q = 4. There
is, of course, freedom to choose longer-range interactions.
We shall come back to this point later.
As we shall see, the low-resistance states may become
long-lived as the ﬁlamentary structures grow thicker. Thus,
for the sake of clarity in the presentation of our results, we
shall ﬁrst dedicate the next section to describing the formation of CM ﬁlamentary structures and how their thickness
may grow under strong applied voltages. Then, in the following section, we shall describe how the relaxation time
may be signiﬁcantly aﬀected by the inclusion of the elastic
deformation term and how it may qualitatively account for
the various EMT regimes discussed earlier.
Here, we should come back to the issue of the approximation based on neglecting the transverse currents. This
simpliﬁcation allows us to avoid the numerically demanding task of solving the 2D resistor-network array. While
this was not a problem for the noninteracting cells, one
may wonder if this assumption remains reasonable in the
presence of intercell elastic interactions. In fact, elastic interactions penalize the growth of inhomogeneities,
which emerge in the initial stages of the ﬁlamentation.
Thus, we may expect that this approximation is less reliable at the onset of ﬁlament formation. For instance, we
may expect our estimates of the voltage threshold value
to be somewhat overestimated. However, the main qualitative features of the process should remain unchanged.
Indeed, the elastic cost of inhomogeneities (2) is bounded
by the maximum mismatch that we quoted above, 2κQ,
while the electric energy of the ﬁeld can be arbitrarily
increased by augmenting the applied voltage. Hence, the
ﬁlaments will eventually form even in the presence of the
elastic interactions. Our approximation becomes better at
higher applied ﬁelds, where the relative importance of elastic terms diminishes. Finally, the 1D approximation does
not concern the study of the relaxation, since that process
occurs at zero applied voltage and current.
III. FILAMENT FORMATION AND GROWTH
The EMT proceeds through two distinct stages: the ﬁrst
is the creation of low-resistance ﬁlamentary structures that
interconnect the electrodes; the second is the successive
reabsorption of the ﬁlaments as the system recovers the
high-resistance state. The ﬁrst of these stages occurs under
the application of a strong external voltage, while the
second takes place when the applied voltage is switched
oﬀ. The present section is devoted to describing the ﬁrst
process.
A. Dynamics of filament formation
The formation of the ﬁlaments under the application
of an external voltage in the present model has already
been qualitatively described in Ref. [14]. The main features are the existence of a threshold ﬁeld for the formation

of ﬁlaments, the existence of a delay time tD before the
EMT takes place, and that the number of ﬁlaments (or
the fraction of phase change in the system) grows with
the magnitude of the applied ﬁeld via a process of subsequent formation of multiple ﬁlaments. In this section,
we will provide an analytic insight into these key features,
which are crucial for future applications. As we will see,
the inclusion of the elastic term does not change the main
basic mechanisms.
We shall now consider in detail the formation of the ﬁlament from a dynamical-system point of view. This will
allow us to derive approximate analytic expressions for the
delay time tD that signals the EMT and the collapse of the
resistance of the insulating state. The following will be a
mostly mathematical detour. Readers not interested in the
details of the derivation may skip to Eqs. (5) and (8).
The formation of ﬁlaments is a sudden event; thus, previous to the EMT breakdown, the system still has the vast
majority of cells in the initial MI state. Hence the system before the rupture is quite homogeneously MI. This
implies that the role of the elastic term before the rupture
is essentially to renormalize the value of the electronic barrier height EBE to EB ≈ EBE + 2κQ for the MI sites, which
upon transition to the CM state ﬁnd themselves surrounded
by neighboring MI sites. In contrast, for any site that has
already become CM, under relaxation to the MI state it
does not see any elastic barrier, since all its neighbors are
MI. This then allows us to understand that the elastic term
just produces slight changes in the value of the threshold
voltage Vth and the time tD [14].
One may gain an analytic insight into the process of
the initial ﬁlament formation and the threshold behavior by considering the dynamical behavior given by the
deterministic partial diﬀerential equation that follows from
the probability rates of our model in a continuum limit.
The production rate of CM cells is given by the diﬀerence between a gain and a loss (leaky) term, with their
respective probabilities:
dnCM
= [nMI PMI→CM ] − [nCM PCM →MI ]
dt
E

MI

E

CM

≈ nMI e−[EB +EEL −V(nCM )] − nCM e−(EB +EEL −ECM ) ,
(3)
where nCM and nMI are the time-dependent numbers of
cells in the CM and MI states, respectively. N is the
number of cells between the top and bottom electrodes,
i.e., the linear longitudinal dimension of the system. The
elastic energy terms in the model depend on the speciﬁc local conﬁguration, so for the present analysis we
CM
MI
have approximated them by the parameters EEL
and EEL
,
which would correspond to the average elastic energies of
a CM and a MI cell, respectively. The voltage V(nCM )
is the voltage drop on the MI cells, V ≈ V/(N − nCM ).
Since RMI  RCM , the total applied voltage V essentially
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falls on the high-resistivity cells MI, with nMI = N − nCM .
Hence, the gain transition rate increases exponentially with
increasing nCM .
The rate equation has a stationary solution when
dnCM /dt = 0. It is given by the balance between the gain
and the loss term. We shall consider the existence of such a
solution as a function of the external voltage V. A geometric solution of the problem is shown in Fig. 5, where we
plot the gain and loss terms as a function of the variable
nCM at increasing values of V and all other parameters are
left ﬁxed. The way to interpret this plot is as follows: at any
given value of nCM , either the gain (red) or the loss (blue)
rate is greater. If the gain is greater, then nCM will evolve
to the right, that is, to higher values. If the loss is greater,
it evolves to the left. The equilibrium of nCM is where the
gain and loss transition rates are equal. We observe in the
two top panels of the ﬁgure that there are two points where
the gain and loss terms cross. However, it is not diﬃcult
to see that only the lowest one (black dot) corresponds
to a stationary stable equilibrium state, while the higher
one (empty dot) is an unstable equilibrium point. Varying the parameter V, there is a critical value at which the
two crossing points “collide,” at n∗CM . The interpretation of
this critical V is the ﬁnite threshold value Vth . For higher
values of V > Vth , as shown in the last panel, there is no
stationary state for nCM , which means that the gain rate is
never compensated by the loss rate and there is a runaway
evolution of nCM (indicated by the arrows). This instability signals the formation of the ﬁrst ﬁlament. This process
is a not uncommon situation found in dynamical analysis
and is termed a saddle-node bifurcation [24]. For further
details, an analysis of the numerical integration of the rate
equation is shown in the Supplemental Material (see Ref.
[25]). We shall now derive two approximate expressions
for the delay time tD . One is simpler than the other and is
valid at shorter delay times and higher applied V, while the
other is for longer times and for V closer to Vth .
If the parameters of the model are such that n∗CM  N ,
then one may approximate the rate Eq. (3) as follows:
dnCM
CM
E
MI
E
≈ Ne−(EB +EEL −V/N ) − nCM e−(EB +EEL −ECM ) .
dt

(4)

If V > Vth , then an avalanche event will occur, as described
above. Before the avalanche can take place, there is a
period during which the evolution of the system (i.e., of
nCM (t)) is dominated by the slow dynamics in the proximity of the former stationary point, where nCM (t) ≈ n∗CM .
This is the region where the gain- and loss-rate curves
are approximately parallel (the red and blue curves in
Fig. 5). Once the evolution of nCM overcomes this regime,
it rapidly increases to N , i.e., the ﬁlament forms with an
avalanche. Thus, we may neglect the duration of the sudden event for the estimation of the delay time for the
ﬁlament formation and obtain an approximate expression
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FIG. 5. The dynamical analysis of the model: EMT rates ()
according to Eq. (3) as a function of nCM . The red curves correspond to the gain rate [the ﬁrst term of Eq. (3)] and the
blue curves correspond to the loss or “leaky” rate [the second
term of Eq. (3)]. We show the results for four diﬀerent applied
voltages (increasing from left to right and from the top to the
bottom panels). For V < Vth (top panels), the system exhibits
two equilibrium points (where the two curves cross each other).
At V = Vth (bottom left), the two equilibrium points “collide”
at n∗CM , while for V > Vth (bottom right), no crossing points are
present and no equilibrium can be achieved. The black dots indicate the stable (“attractor”) solution, the empty dots the unstable
(“repeller”) solution, and the half-ﬁlled dots the collapse of both
solutions. In the last panel, the arrows indicate the divergent
dynamic. This evolution is known as a “saddle-node bifurcation.”

by integration of Eq. (4) from 0 to n∗CM :

tD (V) =



1
A(V)
ln
,
B
A(V) − n∗CM B

(5)

where A(V) is the ﬁrst term on the right-hand side of Eq.
(4), B is the exponential factor in the second term of the
same equation, and n∗CM is assumed to be a constant.
We now consider the region V  Vth , where the previous approximation is not suﬃcient. To describe the
region close to the threshold, we need to more accurately
describe Eq. (3) by expanding around the bifurcation point
(n∗CM ,Vth ). Thus, deﬁning dnCM /dt ≡ f (nCM , V), and using
the fact that at the bifurcation point f (n∗CM , Vth ) = 0 and
(∂f /∂nCM )(n∗CM , Vth ) = 0, we get, to the lowest order:
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dnCM
≈ Ā(nCM − n∗CM )2
dt
+ B̄(V − Vth )(nCM − n∗CM )
+ C̄(V − Vth ),

(6)
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where
E

MI

∗

Ā =

V2th e−[EB +EEL −Vth /(N −nCM )]
∂ 2f
=
,
2(N − n∗CM )3
2∂n2CM

B̄ =

∂ 2f
Vth e−[EB +EEL −Vth /(N −nCM )]
=
,
∂V∂nCM
(N − n∗CM )2

C̄ =

∂f
E
MI
∗
= e−[EB +EEL −Vth /(N −nCM )] ,
∂V

E

MI

∗

(7)

in which the derivatives are evaluated at (n∗CM ,Vth ). Integrating, we obtain for tD ,


 n∗
[2Ā(nCM −n∗CM )+B̄(V−Vth )]  CM

√
2a tan
4ĀC̄(V−Vth )−B̄2 (V−Vth )2 

tD = 

4ĀC̄(V − Vth ) − B̄2 (V − Vth )2 


.

(8)

nCM =0

Equations (5) and (8), which we have just derived, provide approximate expressions for the dependence of the
time delay tD on the model parameters and the applied
voltage.
The validity of the approximations can be tested on our
numerical simulations. This is shown in Fig. 6, where we
observe that the two expressions produce rather good ﬁts
of the numerical data of tD that span several orders of
magnitude. We plot the data as a function of the voltage applied to the sample (VS ) and of the initial voltage

FIG. 6. The commutation delay time tD as a function of the
external voltage applied on the sample (VS , bottom axis) and
the associated initial voltage drop in the cells (V0 = VS /N ,
top axis) obtained from our model simulations. We show the
ﬁts according to Eq. (5) (solid blue line) and Eq. (8) (solid
green line), the latter for voltages close to Vth and the former for the rest of the curve. The ﬁtting parameters are shown
in Table I. The simulations are performed on a 50 × 140 network with EBE = 11, ECM = 5, EMI = 0, RL = 500, RCM = 200
(0.4RL ), RMI = 200 × 103 (400RL ), and κ = 1. The same modelparameter values will be used for all simulations in this work,
except where speciﬁcally indicated.

FIG. 7. The commutation delay time tD as a function of the
external voltage applied on the sample (VS , bottom axis) and the
associated electric ﬁeld (E, top axis) obtained from experiments
on a GaMo4 S8 sample. The local electric ﬁeld is calculated as
VS /l, where l = 35 μm is the thickness of the sample (distance
between electrodes). As in the simulated case (Fig. 6), we present
the ﬁts according to Eqs. (5) (solid blue line) and (8) (solid
green line), the latter for voltages close to Vth and the former for
the rest of the curve. The ﬁtting parameters are summarized in
Table I.

drop in the cells V0 = VS /N . This last magnitude, which
is proportional to the electric ﬁeld, is the one that enters
into the model that consists of Eqs. (3) and (4) and is the
one that directly aﬀects the eﬀective barrier height and
is ultimately responsible for inducing the local EMT. To
obtain the voltage in physical units, V (or VS ) has to be
multiplied by kB T/e; and for the ﬁeld VS /N , it has to be
multiplied by kB T/eX , where X is the size of a cell
(see Table I).
We may further use these validated expressions to ﬁt
actual experimental results performed in GaMo4 S8 at 74
K. These are shown in Fig. 7 and the ﬁtting parameters
are summarized in Table I. By analogy with the simulated case, the results in Fig. 7 are given in terms of the
applied voltage VS and the electric ﬁeld E = VS /l, where
l = 35 μm is the distance between electrodes.
We note that the parameters obtained for the experiments are in the order of 100 meV (equivalent to
a temperature of T ≈ 1100 K), indicating that a welldeﬁned EMT should still be observed at room temperature.
This is of crucial importance for potential technological
applications. The exploration of the temperature dependence of the EMT is beyond the scope of the present
study.
B. Filament growth
We now turn to describing one of the features introduced
by the elastic term in our model, namely the thickening of
the ﬁlament with time. The width of the initial ﬁlament
is just one cell. Thus, after it forms, the resistance of the
system RS drops from a high value of Rhi
S ≈ RMI N /W to a
hi
lower value of Rlo
≈
[R
//R
N
],
where
W is the width
CM
S
S
of the resistor network and N is the thickness (i.e., the
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TABLE I. The parameters used for the ﬁts on the delay time from Figs. 6 (simulations) and 7 (experiments). The free parameters used
in each case are indicated in bold. For reference, the ﬁtting parameters of the simulated data are also given in physical units, written
within parentheses. Physical units of energy are obtained by multiplying by k B T and for voltages by k B T/e. We assume T = 74 K as in
the experimental case. For the experimental ﬁt, we use Vth = 8 V (see Fig. 7). The parameter N extracted from the ﬁt (the number of
cells) corresponds to a physical cell size of x = l/N = 35 μm/2000 = 17.5 nm (where l is the distance between electrodes), which
is of the order of magnitude of the domains observed in STM (see Fig. 8).
Simulations
EBE
ECM
EMI
MI
EEL
CM
EEL
n∗CM
N

N
T
Vth
ν −1

Experiments

Low-voltage region (V ≈ Vth )

High-voltage region

Low-voltage region (V ≈ Vth )

High-voltage region

11 (70.15 meV)
5.0 (31.85 meV)
0
7.8 (49.7 meV)
2.0 (12.7 meV)
0.07
50
74 K
309.0 (1.97 V)
1

11 (70.15 meV)
5.0 (31.85 meV)
0
7.5 (47.8 meV)
2.0 (12.7 meV)
0.04
50
74 K
···
1

110 meV
15 meV
0
10 meV
0
0.08
2000
74 K
8.0 V
1 µs

100 meV
15 meV
0
10 meV
0
0.05
2000
74 K
···
1 µs

distance between the electrodes) as before. The decrease
in RS provokes a reduction of the voltage applied on the
network according to VS = (RS /(RS + RL ))V, where RL is
the load resistance. Hence, the new value of VS may be
larger or smaller than Vth . In the former case, the system
will undergo a second ﬁlament formation, again according to Eq. (5) but for a new (lower) value of VS . After
the formation of the second ﬁlament, VS will drop further
and the process of ﬁlament formation will continue until
VS ≈ Vth . This feature was already present in the previous
model without an elastic term. In that case, the position at
which the ﬁlaments form was essentially random and did
not have any spatial correlation.
In contrast, in the present model the elastic-energy term
favors the growth of adjacent ﬁlaments or, in other words,
it favors the thickening of the ﬁlaments. This is easy to
see, since an isolated ﬁlament requires a phase change of
the cells into the CM state, while being surrounded by the
other MI phase. That implies a maximal local elastic cost
(see above). However, if a ﬁlament is already in place, the
phase change of a cell adjacent to it is less penalized and
hence has a higher probability of occurring. This feature is
seen in the panels of Fig. 8(a), where we show snapshots
of the system before the formation of the ﬁrst ﬁlament
(t < tD ), just after its formation (t ≈ tD ), and at a later stage
(t ≈ 5tD ). We see that both processes have occurred and
more ﬁlaments are present but also that the ﬁlaments have
grown thicker. Evidently, the higher the value of the elastic
constant κ and/or the greater the range of the elastic interaction, i.e., Q, the more favorable this would be for the
thickening process with respect to new individual ﬁlament
formation. Results are shown for two diﬀerent values of κ.
In addition, the increase in κ may enhance the formation
of CM clusters before the generation of ﬁlaments, which,

in turn, may aﬀect the value of tD . As seen in Fig. 6, this
last eﬀect plays little role for κ = 1.
This feature may allow us to interpret the experimental results reported by STM on a cleaved surface of a
GaTa4 Se8 compound [18] after the EMT. The image data
in Fig. 8(b) show the variations in the conductance map
due, presumably, to the cross sections of the conductive
ﬁlamentary structures that were created by the EMT (in
red). The distribution of areas of these conductive cross
sections, which we associate with the ﬁlament thickness in
our model, are quantiﬁed in the histogram in Fig. 8(c). We
can compare these data to our model simulation results.
In the three panels of Fig. 8(d), we show the evolution
of the histogram of the ﬁlament thickness distribution
during the application of a continued pulse voltage. We
observe that, consistent with our previous discussion, the
histogram distribution slowly drifts to higher thickness
and is in qualitative agreement with the experimental data.
We note here that when typical thicknesses are greater
than about 0.1W (W being the width of the sample), the
nucleation of separated ﬁlaments has been shown to be
a relevant eﬀect (i.e., the creation of large ﬁlaments via
the percolation of smaller ones). In the STM image, we
observe cross sections with areas up to about 0.01A (where
A ≈ 500 × 500 nm2 is the total area), suggesting that this
eﬀect is not relevant for the experiments analyzed in this
work [31]. Thus, we will restrain our study to ﬁlament
thicknesses below 0.1 W.
The systematic thickness growth of ﬁlaments in our
model is further characterized in Fig. 9. We show a color
map [panel (a)] of the largest thickness of the formed ﬁlament as a function of the duration of the applied pulse
voltage (tON ) and its magnitude (V). The two panels (b)
and (c), respectively, show cuts of the color map at ﬁxed
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(a)

(a)

(b)
(b)

(c)

(c)

FIG. 9. Filament growth. (a) A color map of the ﬁlament thickness as a function of the applied voltage and the pulse length
(tON ). The results are obtained as the average over 100 realizations. The thickness is measured considering the thickest ﬁlament
in each realization. The parameters used for the simulations are
the same as in Figs. 6(b) and 6(c). Vertical and horizontal cross
sections of panel (a): the maximum ﬁlament thickness as a function of (b) the pulse length and (c) the applied voltage. The latter
is taken after a ﬁxed tON = 500 and the former for ﬁxed V = 600
(V0 = V/N = 12).

(d)

FIG. 8. (a) Snapshots of the simulated resistive map during the
application of an external voltage (V = 600, V0 = V/N = 12),
which is maintained during the full duration of the simulation.
The three panels illustrate the qualitative evolution before and at
about and well after the formation of the ﬁrst ﬁlament (i.e., the
EMT). The black dots indicate the CM sites and the yellow ones
the MI sites. We show the results for two diﬀerent values of κ.
The left panels show the system at a time before the formation of
the ﬁrst ﬁlament (t < tD ), the central panels correspond to times
shortly after the ﬁrst ﬁlament formation (t ≈ tD ), and the right
panels show the system at times much longer than tD . Higher
values of κ favor the thickening process. (b) An experimental
conductive STM image of a cleaved GaTa4 Se8 surface after the
EMT (reproduced from Ref. [18]). The cleave provides a transverse section of the three-dimensional (3D) bulk sample. The
spatial inhomogeneities indicated by the red regions may correspond to sections of metallic ﬁlamentary structures. The green
and blue regions are insulating. (c) The distribution of the crosssection areas of the inhomogeneous metallic structures observed
in the STM image of panel (b). (d) The distribution of the ﬁlament thickness from numerical simulations of our model. We
show the distribution for three diﬀerent pulse durations (tON ). The
applied V is as in panel (a). The data correspond to an average
over 100 realizations.

V and ﬁxed tON . The results are obtained as the mean over
100 realizations. The parameters used for the simulations
are the same as in Fig. 6.

IV. FILAMENT REABSORPTION: RETENTIVITY
IN THE RECOVERY PHASE
We now turn to a central part of this study, which is
the relaxation of the low-resistance state back into the
Mott-insulator state after the applied voltage pulse is terminated. Physically, it corresponds to the reabsorption of the
metallic ﬁlament back to the insulating phase. The proper
description of this process is crucial for the understanding
of the recovery phase in neuromorphic applications of the
EMT for neuron-analog electronic devices [13]. We shall
denote the time that the system requires to spontaneously
relax back to the original insulator by τR . We also refer to
this as the retention or recovery time.
The previous modeling of the EMT, which did not
include the elastic term, predicted that the conductive lowresistance state always returns back to the high-resistance
state with an essential constant relaxation-time rate. The
cells in the CM metastable state relax back to the MI with
a single characteristic time and they do that randomly.
Therefore, the ﬁlaments disintegrate randomly as well. We
shall now study how the addition of the electroelastic eﬀect
in the model modiﬁes this feature.
In a low-resistance state, there are ﬁlamentary structures
that are composed of a relatively high number of cells that
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have switched into the metastable CM state. These structures are induced by an external applied voltage. After
the voltage application is terminated, the CM cells start to
relax back to the high-resistivity MI state. The relaxation
time for the total number of cells to return to the MI state is
long. However, this is not the physically relevant time for
the experiments. In fact, the experimental observation of
the relaxation of the system is through the behavior of the
recovery of the resistance R(t). Therefore, the important
quantity to monitor in our model is when the ﬁlamentary
structure of the CM cells breaks up or loses its percolation.
In our previous model, the cells forming the ﬁlament
relaxed in a random fashion. In contrast, in the present
case where we have added the electroelastic term in our
model, we shall see that the ﬁlaments relax diﬀerently.
Rather inversely to the case of ﬁlament growth by thickening, the dissolution of ﬁlaments occurs by thinning. In
fact, as we shall see, the cells on the border of the ﬁlament have a higher probability of relaxing to the MI state
compared to those in the interior of the ﬁlament.
In order to perform a systematic study of this process,
we shall start from “artiﬁcially” well-deﬁned initial states
consisting of homogeneous ﬁlaments of cells in the CM
state that we let relax back to the insulator state. We shall
consider initial ﬁlaments of diﬀerent thicknesses and then
record the time it takes for them to break up. Since in
our model this process is subject to statistical ﬂuctuations,
we average our results over a large number of realizations (typically 100). As mentioned before, we shall denote
this time by τR , as it indicates the time for which a ﬁlament keeps its high conductive state until it relaxes to the
insulator state. This quantity may also be denoted as the
retentivity.
In Fig. 10(a), we show the results of our simulation
studies for the dependence of τR on the initial ﬁlament
thickness d, between d = 1 and d = 10. We observe that
there are three diﬀerent regimes: an initial exponential
increase, which then becomes linear and ﬁnally saturates
for higher values of d. Overall, τR increases by 2 orders
of magnitude for a ﬁlament thickness of just a few units.
The fast initial increase, of a full order of magnitude when
comparing d = 1 to 2, follows from the presence of the
elastic term. This renders much less probable the relaxation of cells in any one of the two adjacent ﬁlaments
with respect to a single one. In the former case, any cell
of a ﬁlament is surrounded by three other cells of the
same type, while in the latter only by two (out of four).
This eﬀect enters into an exponential in the probability
(see Sec. II). As d > 2, one may distinguish between central ﬁlament regions and border ﬁlament regions. Cells
belonging to central ﬁlaments have all their 4 neighbors in
the same state. Hence the eventual elastic mismatch maximally penalizes the relaxation. In contrast, cells in the
external boundary of the ﬁlament only have three neighbors in the same state. Hence the boundary cells will relax
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FIG. 10. (a) The retentivity time as a function of the ﬁlament
thickness. The results are the average over 100 realizations. A
ﬁt according to Eq. (12) (solid blue line) is shown (for details
of the ﬁt, see the Supplemental Material [25]). Inset: a semilogscale version of the main panel. A diﬀerence of about 1 order
of magnitude can be seen between the ﬁrst two points. (b) The
retentivity ratio between ﬁlaments of thickness d = 2 and d = 1
(red circles) together with a ﬁt according to Eq. (13): f (κ) =
A exp(2κ), with A the only ﬁtting parameter. The ﬁt corresponds
to A = 1.1. In these simulations, the initial state is a ﬁlament of
a given thickness. No voltage pulse is applied. The system is left
to evolve and one records the time it takes to break up.

faster. An internal cell would only acquire a good probability of relaxing by becoming part of the boundary, i.e.,
after the outermost neighboring cells relax. This feature
leads to a continuous “thinning” eﬀect of the ﬁlaments,
and it progresses at an approximately constant rate, which
results in the observed linear dependence with d. At higher
values of d, a saturation eﬀect becomes evident, as the
thinning time starts to compete with the probability for
relaxation of internal ﬁlament cells (i.e., with those inside
a homogeneous CM phase).
We may easily estimate the relaxation time of a unitary
ﬁlament from the loss term of the dynamical evolution of
the cells of Eq. (3):
∂nCM
F
= −nCM exp[−(EBE + EEL
− ECM )],
∂t

(9)

F
is the elastic part of the energy barrier of the ith
where EEL
cell in the ﬁlament, which is assumed constant for all the
cells in the same unitary ﬁlament. The rupture condition
for a unitary ﬁlament is given by the relaxation of a single
cell (since we neglect transverse currents), i.e., nCM =
1. A conductive individual ﬁlament initially has nCM = N .
Therefore,
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− ECM )] = 1
nCM = tN exp[−(EBE + EEL
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and we simply obtain
τRF =

exp[(EBE

+

F
EEL

N

− ECM )]

,

(b)

(c)

(d)

(11)

where τRF denotes the time for rupture of a unitary ﬁlament.
From our previous qualitative discussion, we obtain that
F
EEL
= 4κ for cells in an isolated ﬁlament of d = 1. Then
F
EEL
= 6κ for cells in the outer boundary of ﬁlaments of
F
d ≥ 2 and EEL
= 8κ for cells in the interior of a thick ﬁlament (d ≥ 3). The exponential dependence is explicit in
Eq. (11).
Then, recalling from our discussion that the ﬁlaments
relax by progressive thinning, we may simply estimate the
total time for the full rupture of a ﬁlament of thickness d
as follows:
τR ∝ dτRF ,
(12)
where τRF refers here to unitary border ﬁlaments. From the
above equations, we may focus on the simple case with
d = 1 and 2, which produces the largest relative retentivity
gain. The ratio for the respective τRd gives the following:
τR2
= exp[2κ(Q2 − Q1 )] = exp[2κ(3 − 2)],
τR1

(a)

(13)

which corresponds to the blue-solid-line ﬁt of Fig. 10(b).
Here, Qd corresponds to the number of neighbors in the
CM state for each thickness d. This expression highlights the exponential dependence on the elastic constant
parameter κ.
We have just seen that according to the model, the duration of the metallic state may be (exponentially) long but
always remains metastable. However, experimentally, the
metallic states in region (iii), obtained by stronger pulsing,
seem to be actually stable. One way to further increase the
stability of the metallic (ﬁlamentary) state in the model is
to increase the range of the elastic term. One may consider, for instance, next-nearest neighbors or any longer
ﬁnite range. Indeed, elastic strain involves several lattice
units in real materials [26]. At the level of our model, we
ﬁnd that this eﬀect is so severe that, even upon increasing
the range of the elastic term to the next-nearest neighbors,
our simulations become prohibitively slow. The mathematical analysis of the behavior and dependence of the
model parameters can be carried on along similar lines as
we did above (see the Supplemental Material [25]). Thus
our results suggest that the origin of the long (and possibly inﬁnite) retention times observed experimentally in
regime (iii) may be due to long-range strain induced by the
ﬁlament growth.
V. RESISTANCE RELAXATION WITH AN
APPLIED VOLTAGE BIAS
We shall now discuss an interesting eﬀect due to the
introduction of the elastic energy barrier term in our model

(e)
Before
relaxation

After
relaxation

FIG. 11. The relaxation of the sample resistance after EMT
under diﬀerent bias voltages. (a),(b) The voltage protocol for (a)
experiments on a GaMo4 S8 sample and (b) simulations. An EMT
is induced by a voltage pulse of magnitude VP > Vth and duration tON , after which the system is left to evolve under the action
of a voltage VBIAS < Vth . (c) The experimental relaxation for bias
voltages of VBIAS = 2.4, 4.8, and 7.1 V (top to bottom). (d) The
simulation results for VBIAS = 10, 20, and 50 (top to bottom).
In panels (c) and (d), the time is measured from the beginning
of the relaxation. (e) Snapshots of the resistive network before
and after the relaxation process shown in panel (b).The snapshots correspond to the initial and ﬁnal states of each curve in
panel (b). We see that the state before relaxation is essentially
the same for the three curves. The ﬁnal state, however, depends
strongly on the applied VBIAS . For the lowest bias, all ﬁlaments
are reabsorbed; for the intermediate bias, only thicker ﬁlaments
survive; and for the highest bias, all ﬁlaments survive. The presence of VBIAS stabilizes (prevents relaxation of) the metallic
ﬁlaments. Thicker (more stable) ﬁlaments require a lower external bias.The simulations correspond to a 50 × 140 network with
EBE = 15, ECM = 5, RL = 500, κ = 0.5, RMI = 20000, RCM =
200, tP = 500, and tON = 120. For a better visualization, the ratio
RMI /RCM is reduced with respect to previous sections. The EMT
is generated with an external voltage pulse of VP = 750 in the
simulations and VP = 37.5 V in the experiments.

related to the electric stabilization of ﬁlaments. In other
words, how the elastic interaction may allow to electrically
prevent the ﬁlament break-up and reabsorption. In previous
sections, we have seen that a minimum threshold voltage
Vth is necessary for ﬁlament formation. In this section, we
consider a diﬀerent issue, namely, what is the minimally
low voltage that needs to be applied to sustain an already
fully formed ﬁlament? The interest of this question is that
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it may be experimentally tested as further validation of the
present model.
In Fig. 11, we show our simulation results for a resistiveswitching protocol where a small bias voltage (VBIAS <
Vth ) remains applied during the relaxation process. Along
with our numerical results, we also show in the ﬁgure
actual experimental data obtained in a GaMo4 S8 sample
under a qualitatively similar voltage protocol. Speciﬁcally,
the experiment is performed as follows: (i) at t = 0, a
bias voltage VBIAS is turned on; (ii) at t = tP , a highvoltage pulse VP is applied for a time tON ; and (iii) at
tOFF = tP + tON , the applied voltage returns to VBIAS and
the evolution of the resistance of the system is observed.
The bias voltage remains applied during the entire process.
The times tP and tON and the total applied voltage during
the pulse VBIAS + VP = constant > Vth are kept constant
so that the switching voltage is the same in all realizations. In the ﬁgure, we show the results of this protocol
for three diﬀerent values of VBIAS . We observe that in both
the experiments and the simulations, the asymptotic relaxation value of the resistance depends on the applied VBIAS .
In fact, at the highest applied bias (red curve), we see
that the resistance does not recover to the initial state but
remains at a lower value. To get a better understanding
of this behavior, we show in Fig. 11(c) snapshots of the
simulated resistive network for each VBIAS at two diﬀerent times: a short one, right after the pulse is terminated at
t = tOFF , and a longer one when the asymptotic resistance
state is reached [32]. We observe from the short-time snaplo
shots (upper panels) that the Rhi
S → RS resistive change is
rather independent of the applied (subthreshold) bias level,
as very similar multiﬁlament structures are realized in all
three cases. On the other hand, for the asymptotic state, the
system shows qualitatively diﬀerent states. In the lowestbias case, the whole ﬁlamentary structure is reabsorbed; in
the intermediate-bias case, only a single ﬁlament persists,
which is the thickest; and in the higher-bias case, all ﬁlaments formed during the pulse remain at asymptotic times.
We also note that all isolated metallic regions (clusters) do
relax to the insulator state in all three cases. The ﬂuctuations observed for the intermediate voltage in panel (b)
(blue curve) are due to the rapid rupture and reconnection of small sections of a ﬁlament (i.e., a transitory decay
to the insulating state). This eﬀect may actually happen
in real materials; however, in our simulations it is likely
overemphasized due to the ﬁnite size.
VI. THE COMPLETE PULSE-VOLTAGE
PROTOCOL
In this ﬁnal section, we shall consider the full-time
behavior of the system, that is, the whole process of formation and subsequent reabsorption of ﬁlaments. We shall
adopt two diﬀerent applied voltage protocols: a single
pulse and a train of pulses. The former case is simplest to
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FIG. 12. The evolution of the resistance during a complete
switching process. We show (a) the experimental results on a
GaMo4 S8 sample and (b) the results of our simulations. The
voltage protocols are shown in the top panels. In each case, an
external voltage is applied for a time tON , after which the system is left to relax freely. The red and blue curves represent the
results for two diﬀerent applied voltages. The evolution of the
resistance is shown in semilog and log-log scale in the middle
and bottom panels, respectively. The experimental curves correspond to tON = 100 μs, V = 34 V (blue curve), and V = 56 V
(red curve). The simulations correspond to tON = 1000, V = 450
(blue) and V = 600 (red). The characteristic times tD and τR are
indicated for each case. We note that in the experimental data, the
initial value of RS /Rhi is smaller than unity due to a capacitive
transient introduced by the measurement circuit.

analyze as it is closely related to the discussions in the previous sections. In contrast, the interest of applying a train
of pulses [13] is that it brings us closer to the situation of
actual neurons, which are excited by electric spikes.
In Fig. 12, we show the full-time evolution of the resistance during the application of a single pulse for both
simulations and experiments on a GaMo4 S8 sample (the
same sample as in Fig. 7). A single voltage is applied
for a ﬁxed duration tON and then V is set to zero. We
show data for two diﬀerent applied voltages. We observe
the signiﬁcant dependence of the retention time with the
applied voltage. We see that a relatively small change
in the strength of the applied pulse produces a great
change of the retention time. For example, in the experiments a change in the voltage from 34 to 56 V produces
a change in the retention time of a full order of magnitude (from approximately 2 × 10−3 to approximately
2 × 10−2 ). Similarly in the simulations, a change in the
voltage from 450 to 600 V produces a ﬁvefold increase
of the retention time (from approximately 2 × 104 to
approximately 105 ).
These results permit us to rationalize the existence of
regimes (ii) and (iii), which we described in Sec. I. In
Fig. 13, we show our simulation results for the retention
time τR as a function of the parameters of a single voltage
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FIG. 13. (a) A color map of the retentivity as a function of the
pulse length (tON ) and the applied voltage. (b) A vertical cross
section of panel (a): the evolution of τR as a function of the
applied voltage for ﬁxed tON = 500. The voltage is measured in
units of the threshold voltage with Vth = 309. (c) A horizontal
cross section of panel (a): the evolution of τR as function of the
pulse length for ﬁxed V = 600. The results are obtained as the
average over 100 realizations. (d) The experimental results: the
evolution of τR on a GaMo4 S8 sample as a function of the applied
voltage for ﬁxed tON = 100 μs.

pulse: the intensity V and the duration time tON . In the color
plot of panel (a), we observe that the retention of the ﬁlaments may be increased by incrementing either V or tON ,
the key point being that any one of these two parameters
contributes to thickening of the ﬁlaments. The dependence
of the threshold on the duration of the applied pulse can
also be clearly observed. This is basically the eﬀect of the
delay time that has been discussed in previous sections: At
a given applied voltage, there is a delay time for the transition, which implies that the pulse duration must be above
the delay time to actually produce the ﬁlament formation.
The two panels (b) and (c) show two cuts of the color map
for ﬁxed tON and V, respectively. All these results correspond to the mean over 100 realizations. Finally, in panel
(d), we show the evolution of τR on a GaMo4 S8 sample as
a function of the applied voltage for ﬁxed tON = 100 μs.
We may ﬁnally illustrate the behavior of the model upon
the application of a train of voltage pulses. We show in
Fig. 14 the comparison of our model simulations with
actual experimental data of the resistive change in a crystal
of GaV4 S8 upon application of voltage pulses. Two types

FIG. 14. The manipulation of retentivity in RS via a pulsed
protocol. (a) The experimental results in a GaV4 S8 crystal for a
single pulse of tON = 30 μs with V = 120 V (left) and for a train
of seven pulses of tON = 30 μs with V = 120 V separated by
200 μs (right). (b) The results from the simulations for a similar
pulsed protocol. A single pulse of tON = 25 with V = 600 (left)
and a train of seven pulses of tON = 25 with V = 600 separated
by 100 simulation steps (right) are shown.

of pulse protocol are applied: either a single pulse or a train
of identical pulses with a relatively long separation, which
mimics a train of spikes that may be arriving at the dendrites of a neuron [13]. In actual situations, the arrival of
the pulses is mostly random, although here we focus on
regular trains for the sake of simplicity. In the top panels
of the ﬁgure, we show the experimental data and in the
bottom panels the simulations. Each pulse of the train is
identical to the single one. The data shown in red correspond to the applied voltage and the data in blue to the
respective resistance value R(t). The small subpanels to
the right of the main R(t) panels indicate the asymptotic
value of the resistance after the voltage pulse protocol is
terminated. In the experimental data, we observe that the
single pulse is suﬃcient to produce a resistive change,
which takes place after about 20 μs. However, this lowresistance state is volatile, as the corresponding asymptotic
value has returned to the original high-resistance value. In
contrast, as the data in the right panel show, the application
of seven identical pulses is enough to dramatically increase
the retention time. Thus, seven pulses are found to be sufﬁcient to drive the resistance change into the nonvolatile
regime (on the time scale of the experiment).
In the bottom panels, we see that, qualitatively, the
simulations capture these eﬀects well. On the basis of the
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discussions in the previous sections, we can understand
this behavior. As shown in the left panels of the ﬁgure,
a single pulse is enough to induce an EMT with ﬁlament formation. However, that single pulse only produces
a thin ﬁlament with a short retention time, which rapidly
gets reabsorbed. Thus the system returns back to the initial high-resistance state. In contrast, the train of multiple
pulses produces gradual thickening of the ﬁlament, with
a consequently much longer retention time, and persists
beyond t = 4000.
This behavior may be considered an initial step toward
the modeling of the recovery period of an artiﬁcial neuron
under a spiking stimulus. It may be interesting to mention
that this variation in the recovery time may ﬁnd potential useful applications in neural networks for tasks such
as neural coding [27,28].
We may note that the interpulse time duration (200 μs
in the experiment) provides a rough indication of the reabsorption time of the ﬁlaments. The systematic investigation
of the retention time with the parameters of the applied
voltage pulsing protocol is an important issue but it certainly involves some technical challenges and is outside
the scope of the present study.
VII. EXPERIMENTAL DETAILS
The experimental setup used for the application of
pulses is displayed in Fig. 2(a). It consists of a pulse generator (Agilent 8114A) placed in series with a load resistor
and home-synthesized GaV4 S8 , GaMo4 S8 , or GaTa4 Se8
crystals [29]. The crystals (typical dimensions 300 ×
150 × 50 μm3 ) used for the resistive-switching measurements are contacted on a freshly cleaved face in metalinsulator-metal (MIM) geometry using two 17 μm gold
wires and carbon paste (Electrodag PR-406). A subsequent
annealing in vacuum at 150◦ C for 30 min is necessary
to achieve good-contact resistances. The low-bias resistance of the AM4 Q8 is measured using a Keithley 6430
source-measurement unit. We check that the contact resistances are much smaller than the sample resistance. Voltage pulses are applied using an Agilent 8114A. During the
pulse, the voltage and current across the sample are measured with a Tektronix DPO3034 oscilloscope, associated
with IeS-ISSD210 diﬀerential probes. Pulse experiments
conducted on GaTa4 Se8 and displayed in Fig. 4(b) are performed at T = 77 K with a load resistance of RL = 1 k.
The variation of the resistive-switching time delay versus
the sample voltage displayed in Fig. 7(a) and the resistance relaxations displayed in Figs. 11(a), 12(a), and 13(d)
are measured on the same GaMo4 S8 crystal at T = 74 K
using a load resistance of RL = 5 k. Finally, the multipulse experiments displayed in Fig. 14(a) are conducted
at T = 153 K on a GaV4 S8 crystal mounted in series with
a load resistance of RL = 5 k. These last data are also
presented in Ref. [30].
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VIII. CONCLUSIONS

In the present study, we extend a model for the EMT
to incorporate electroelastic eﬀects. This feature leads to
spatial correlations in the growth patterns of ﬁlamentary
structures in the resistive transition. In particular, it leads to
the thickening of the ﬁlaments during longer applied pulses
or multiple pulses. The increased thickness of the ﬁlaments
is directly related to a dramatic increase in the retention
time of the low-resistance state.
We should mention that our model does not predict
any sharp or discontinuous transition between the experimentally observed volatile regime (ii) and the nonvolatile
regime (iii) discussed in Sec. I. Nevertheless, it does
indicate that the retention times may be exponentially
increased by means of the applied pulsing protocol. Specifically, the strength, duration, and interpulse time may be
tailored to optimize the growth and thickening of the
ﬁlaments. The results of the previous section may be considered as an initial step in that direction. However, it
should be realized that there are a large number of variables to take into account and that systematic investigation
remains an important experimental challenge.
We also brieﬂy refer to the qualitative similarities
between our present model study and the behavior of spiking leaky-integrate-and-ﬁre neurons. We are aware of the
relative simplicity of our system with respect to the biological equivalents but, nevertheless, this may be taken as
a contribution toward future implementation of neuromorphic electronic systems. In this regard, it is very exciting
to envision that strongly correlated Mott materials may
realize unexpected bioinspired functionality.
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