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Superconducting spin-singlet qubit in a triangulene spin chain
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Chains of triangular nanographene (triangulene), recently identified as realizing the valence-bond solid phase
of a spin-1 chain, offer a promising platform for quantum information processing. We propose a spin-singlet
qubit based on these chains grown on a superconducting substrate. Using the numerical renormalization group
(NRG), we identity a manifold consisting of the two lowest-lying, spin-singlet states isolated from doublet states
of opposite fermion parity, which undergo an avoided crossing. A qubit utilizing these states is thus protected
from random Zeeman and/or spin-orbit coupling. Despite the unavoidable effect of quasiparticle poisoning on
qubit performance, the isolation of the singlet states offers additional protection. In addition, we introduce a
mesoscopic device architecture, based on a triple quantum dot coupled to a superconducting junction, that
quantum simulates the spin chain and enables control and readout of the qubit. An effective two-level description

of the device is validated using time-dependent NRG.
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I. INTRODUCTION

Chains of magnetic atoms and molecules have attracted
considerable interest due to their potential to host exotic exci-
tations and phases [1-5]. Their low dimensionality enhances
strong electron correlation effects [1], resulting in rich quan-
tum behavior and offering promising platforms for realizing
topological phases of matter [4-7]. Indeed, fabricating mag-
netic chains on superconductors may enable the engineering
of decoherence-free quantum memories [6] in topological su-
perconductors hosting Majorana bound states [8,9].

Building on recent advances, the on-surface synthesis tech-
nique [10,11] allows for precise engineering of carbon-based
molecules and the manipulation of their magnetic properties.
The spin state of several types of nanographene structures can
be controlled in this way [12-14]. Recently, the authors of
Ref. [15] have demonstrated that a spin chain can be grown
from triangulenes (i.e., triangular nanographene structures).
The triangulene spin chains (TSCs) were shown to realize
the valence-bond solid (VBS) phase of a spin-1 chain [2-5]
with open TSCs hosting topological spin—% edge states [5,15].
Since the TSCs are grown on a metallic [Au(111)] surface,
the spin-% edge states undergo Kondo screening [16], ob-
served as Kondo resonances near the triangulene terminal
units [15]. In addition, recent experiments indicate that thin,
pristine Ag(111) and Au(111) films can be proximitized by
bulk superconductors [17-21], which hints at the possibility of
growing TSCs via on-surface synthesis on superconductors.

In parallel with these developments, significant progress
has been made in spin qubits (SQs) since the seminal work by

2469-9950/2026/113(6)/064503(13)

064503-1

Loss and DiVincenzo [22]. Various SQ platforms have been
explored and continuous improvements in quantum coherence
and addressability have been demonstrated [23-28]. Despite
these advances, decoherence is a major challenge whose main
cause is the Overhauser-field noise arising from spin-orbit
(a)
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FIG. 1. (a) Sketch of an open triangulene spin chain (TSC, see
e.g. Ref. [15]). For sufficiently long chains, it hosts two spin—%
states that are exponentially localized near the edges. (b) Illustration
of the TSC on a superconductor. The edge states couple to the
superconductor via Kondo exchange interaction. Since the latter is
weaker than the antiferromagnetic exchange between the inner spin-1
triangulenes, the central region remains decoupled in a valence bond
solid (VBS) phase.
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interaction [29,30] and hyperfine coupling with the nuclei
in the quantum dot [31,32]. One possible way out of this
conundrum is to design qubits based on spin-singlet states [33]
which, to leading order, are immune to the Overhauser-field
noise.

In this manuscript, we propose a spin-singlet qubit based
on a TSC grown on a superconductor; see Fig. 1(b). Unlike
a previous proposal based on “Shiba molecules” of magnetic
adatoms [34], we do not necessarily rely on the Ruderman-
Kittel-Kasuya-Yosida (RKKY) interaction, whose sign and
strength are difficult to control since they depend on the inter-
impurity distance and orientation relative to the substrate.
Instead, in the VBS phase of the TSC, the sign [ferromag-
netic (FM) or antiferromagnetic (AFM)] and strength of the
effective Heisenberg exchange between the edge states are
tunable by controlling the chain length [5,15]. Furthermore,
the strength of the super-exchange interaction estimated both
experimentally [15] and theoretically [35] is much larger than
the typical RKKY strength [36].

Moreover, since the exchange between the inner trian-
gulenes (~10 meV [15,35]) is stronger than their effective
Kondo exchange with the substrate, the coupling of the inner
units to the substrate can be neglected, as experimentally
demonstrated in Ref. [15]. Thus, we can model the TSC as a
two-Kondo-impurity system with the impurities representing
the spin-% edge states. In Appendix C, by studying a full
spin-1 chain coupled to a model superconductor using the
density-matrix renormalization-group (DMRG), we provide
numerical evidence that supports this two-impurity approx-
imation. Furthermore, due to the van der Waals interaction
between the molecule and an STM tip, it is possible to tune the
Kondo exchange of the terminal triangulene units [17,37-39],
and thus drive the system into a regime in which an avoided
crossing of two lowest-lying spin-singlet states occurs. Al-
ternatively, by studying shorter (longer) TSCs, where the
Heisenberg (Kondo) exchange dominates, it is possible to ob-
serve the system on either side of the avoided level-crossing,
provided the edge states are sufficiently strongly coupled to
the substrate [40].

As pointed out above, using spin singlets suppresses
decoherence due to Overhauser fields [29-33]. The super-
conducting nature of the platform provides further protection
through the energy gap, enhancing the overall robustness and
quantum coherence of the qubit. However, using current STM
technology to probe and tune the TSCs may not allow for a
practical operation of the spin-singlet qubit. For this reason,
we propose below a mesoscopic realization using a triple
quantum dot (see Fig. 3), which exhibits the same low-lying
spectrum as the TSC-superconductor system [Fig. 2(a)] and
in this sense, the device is used to “quantum simulate” the
TSC system, with the added advantage that the operation and
readout of the qubit are feasible using current state-of-the-art
electronics [41,42].

The rest of this article is organized as follows: In the fol-
lowing section (Sec. II), we introduce a unified two-impurity
model that describes both the TSC molecules and the triple
quantum-dot device coupled to superconductors. Sec. III
focuses on the avoided crossing of the two lowest-lying
(spin-singlet) states and their description with a simplified
zero-bandwidth model. In Sec. IV, we introduce the quantum-

dot device that “quantum simulates” the spin-singlet qubit
in the TSC molecule-superconductor system and allows for
an easier operation of the latter. In Sec. V, an effective two-
level model of the spin-singlet qubit is introduced. The time
dynamics of the device as obtained using time-dependent
NRG are compared to calculations using the two-level model.
Our results demonstrate that the qubit can be driven and
read by applying voltage pulses to the various gates of the
device. The conclusions of this work are given in Sec. VL.
Finally, Appendices contain more in-depth discussions on the
applicability of the zero-bandwidth approximation, the ap-
proximations required to arrive at the unified model of Sec. I,
and the relaxation and decoherence effects on the qubit de-
vice, as well as the technical details of our implementation of
the NRG.

II. MODEL

Within the two-impurity approximation described above,
the Hamiltonian of the TSC-superconductor (Fig. 1) and the
mesoscopic device (Fig. 3) can be written down in a unified
way as follows:

H =H0+ZJ\)SV -8, +J1281 - Sy

+V Y / de p(€)al,, aco,
Hy = Z/de p(é)[z €Su(€) @y eqy

+ A(SW/(aZTVaZW + H.c.)j|, (1)

where J, and V, are, respectively, the Kondo couplings and
scattering potentials of the impurity atr =r, (v = 1, 2); Jpp is
the (Heisenberg) exchange between the two impurities (edge
states); S, is the impurity spin operator and s, the spin of
the itinerant electrons at r = r,. In addition, p(e) = pg is
the density of states in the normal state, which is assumed
to be a constant pg = 1/(2D) (D is the bandwidth). For a
TSC on a superconductor, the overlap matrix S, (¢) describes
the quantum amplitude for an electron to propagate from r,
to ry; hence S,,(¢) = 1. The detailed form of Si,(¢) is not
important. For instance, it can be obtained assuming that the
single-particle states of the host are plane waves [34].

III. AVOIDED CROSSING OF SPIN-SINGLETS

Panel (a) in Fig. 2 shows the low-lying spectrum obtained
using NRG for an AFM Heisenberg coupling Jj; = A as a
function of one of the Kondo couplings, J;. We note that the
two lowest-lying (spin-singlet) states, S and §’, undergo an
avoided level crossing for J; >~ J.; (Jor/A =~ 21.26) [see also
panel (b)]. This is a consequence of the breaking of particle-
hole symmetry, as anticipated in Ref. [34]. That work studied
an RKKY-coupled Shiba molecule with J; = J, and did not
report explicit numerical results for the avoided crossing in
the case J; # J, and V,—; 2 # 0. Besides the spin singlets,
spin doublets, D and D" of opposite fermion parity, and a
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FIG. 2. Low-lying spectrum for Ji; = A =0.025D and J, =
20A. (a) Low-energy spectrum for the effective two Kondo-impurity
model describing a triangulene spin chain (TSC) on a supercon-
ductor. (b) Low-energy spectrum of the mesoscopic device that
“quantum simulates” the TSC on a superconductor (cf. Fig. 3).
(c) Blow-up of the avoided crossing of spin-singlet states for the
TSC. The minimum gap between the spin singlets is controlled by the
scattering potentials V; and V,. (d) Blow up of the avoided crossing
for the device, in which the minimum gap can be controlled by the
junction tunneling amplitude or phase bias.

spin triplet, T, are found at higher excitation energies but
still below the superconducting gap A. Therefore, transitions
between the singlets and doublets should be observable as
Yu-Shiba-Rusinov [43—45] peaks in the scanning tunneling
spectra at subgap energies.

Interestingly, the low-lying spectrum can be reproduced
using a zero-bandwidth approximation [46] (ZBA, see Ap-
pendix A for additional details), which effectively captures
the breaking of the particle-hole symmetry. In the ZBA, the
superconductor Hamiltonian [Hy in Eq. (1)] is replaced by two
fermion sites with a pairing potential: A) " cz ¢y, +H.c.
The overlap o S,,, of the channel orbitals is described by a
hopping term, Hi; = —t;2 ) CL,czg + H.c. [47]. For t;, =
0, the lowest-lying states are two (valence-bond) spin-singlets
So and S, (see Table I) that cross for J; = Jj., [see Figs. 8(b)
and 8(d) in Appendices]. However, for #;; > 0, an avoided
crossing occurs between the two spin-singlet states, S and S,

TABLE I. Lowest-energy states in the zero-bandwidth approxi-
mation; S and P = (—1)"F are the spin and fermion parity quantum
numbers, respectively (Np is the total fermion number in the su-
perconductor). Red and blue solid circles represent spin-singlet and
spin-triplet states, respectively. Blue (orange) dots represent the
Kondo-impurity (superconductor) sites.

state (S, P) figure

Impurity singlet (Sp) O, +1) '@ "

Kondo singlet (S) O, +1) @@
Doublets (D, D) L-n o@D Do
Triplet (') (1, +1) *@Dw

which are linear combinations of Sy and S, (see Appendix A
for an extended discussion of the ZBA).

Summarizing the results in this section, in the parameter
regime shown in Figs. 2(a) and 2(c) an isolated manifold
of two lowest-lying states undergoing an avoided cross-
ing realizes a spin-singlet qubit in the TSC-superconductor
system. The qubit could be mechanically operated by tun-
ing the Kondo coupling at one end of the TSC using the
STM [17,37-39]. However, the frequencies at which the tip
position can be modulated with current STM technology
are several orders of magnitude smaller than the minimum
gap between S’ and S (=*A /100 ~ 0.01 meV ~1 GHz). Thus,
creating quantum superpositions of S and S’ by mechanical
driving may be rather challenging, not to mention performing
the qubit readout [48]. Instead, we propose below a meso-
scopic device with the same low-lying spectrum in which the
system parameters can be electrically controlled and driving
and readout are possible using state-of-the-art electronics.

IV. MESOSCOPIC DEVICE

Since the ZBA is capable of reproducing the low-lying
spectrum of the TSC-superconductor system using a tunneling
term [compare Fig. 5 in Appendix A to Fig. 2(a)], we use su-
perconducting wires forming a tunneling junction. Moreover,
the edge states of the TSC can be replaced by a triple quantum
dot [41,42]. The resulting device (see Fig. 3) is described by
Eq. (1) with S;; = —t13/€ and S,, = 1. The triple quantum
dot is a minimal setup to engineer the AFM coupling via
super-exchange o« Ji; > 0 in Eq. (1). In such systems, J;,
ranges from 0.01 to 0.1 meV (see, e.g., Refs. [41,42,49,50]).
Roughly speaking, the charging energy of the central dot
suppresses single-particle tunneling between outer quantum
dots. This results in the low-lying level structure shown in
Figs. 2(b) and 2(d), where the two spin-singlets are the lowest-
lying states, well separated from the spin-doublet and triplet
states. NRG finds an avoided crossing between the spin sin-
glets. The minimum gap can be controlled by 7, or the phase
bias between the superconductors rather than V; ,, as it is the
case of the TSC-based system. In Appendix E, we show that
accounting for charge fluctuations within the Anderson model
does not spoil these spectral features.

It is worth emphasizing that the spin-doublet states of op-
posite fermion parity (cf. Table I) lie above the singlets, and
this energy separation makes our qubit proposal somewhat
more robust against quasiparticle poisoning than earlier pro-
posals where the doublets lie in between the singlets [51,52].
Gap engineering [53] and the implementation of quasiparticle
traps [54] can be further deployed to enhance the qubit’s
resilience against quasiparticle poisoning. However, a reliable
quantitative analysis of these effects requires detailed knowl-
edge of the specific circuit in which the qubit is embedded
[55,56]. Therefore precise estimates of quasiparticle poison-
ing lie beyond the scope of the present work.

V. DYNAMICS: DRIVING AND READOUT

Next, we develop and test an effective two-level model that
describes the qubit dynamics as realized in the mesoscopic de-
vice introduced above (Fig. 3). The dynamics discussed below
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FIG. 3. Sketch of the mesoscopic device that emulates the TSC-
superconductor system using a triple quantum dot system with the
outer dots coupled to a junction of two superconducting wires. Seven
gates, Gy, Gy, E, E», E3, Vi3, and V3, define the dots and control the
system parameters, including the Kondo couplings, J; and J,, and the
(AFM) superexchange coupling Jj,. The tunneling amplitude ¢, or
the phase bias across the junction determines the size of the minimum
gap at the avoided crossing of the two lowest-energy spin singlets.

are assumed to be unitary, and therefore neglect relaxation and
dephasing (see Appendix D for a discussion) and quasiparti-
cle poisoning, upon which we have already touched above.
In the parameter regime shown in Figs. 2(c) and 2(d) with
fixed J», A, Vi, Va, and Ji,, the following effective two-level
Hamiltonian can be written down:

Hegr = [€0 + a(J1(t) — Jo)]152) (S|
Ao
+ 7(|So><52| + 182){Sol). ()

The basis of spin-singlet states {|Sop), |S2)} is defined for zero
tunneling amplitude at the junction, i.e. f; = 0, for which
there is no avoided crossing. The parameter J;(¢) is the ex-
change coupling tuned by the gate G, (see Fig. 3) that controls
the tunneling (¢;) between the upper quantum dot and the clos-
est superconducting wire of the junction (J; 17, see, e.g.,
Ref. [16]); €0 = Es, — Eg, is the energy difference between
the singlets for #;, = 0; J; (¢ = 0) = Jy is the Kondo exchange
of areference (initial) state. We assume a linear dependence of

€p on J; for J; >~ Jy and define o = aeg—;lj') |7,=J, in terms of the

energy of |S,) at #1 = 0 to account for it. The off-diagonal
term A, describes the coupling between the spin-singlet
states induced by a finite 71,. All the parameters are obtained
using NRG.

We have tested the effective two-level model in Eq. (2) by
comparing it to time-dependent NRG simulations of the full
system [cf. Eq. (1)] in various scenarios. First, we consider a
quantum quench where J;(¢) suddenly changes. In Fig. 4(a)
we assume the system is prepared in the ground state |S’)
with J; /J., = 0.988 and the Kondo coupling J; is suddenly
quenched to J; /J., = 1.003. We thus compute the overlap of
the time-evolved state with the two initial spin-singlet states,
both using the effective model (2) and time-dependent NRG
for the full model. The effective model agrees well with the
time-dependent NRG results. It is worth noticing that a sudden
quench of J;(¢) conserves the total spin and, therefore, only
states with the same spin as the initial state (i.e., spin-singlets)
can be excited during the time evolution. As the lowest-lying
spin-singlets are well separated from other continuum states
with zero total spin, the quench causes minimal admixture
and the dynamics are well reproduced by the two-level model,
Eq. (2). We have also considered more complex types of
quenches. In Fig. 4(b), a stepwise drive Ji(t)/J., oscillates
between 0.988 and 1.003 with period 7 = 40.98 x 2nh/A.
The results from Eq. (2) accurately track the time-dependent
NRG results.

In the following, we use the two-level model, Eq. (2),
to show that Rabi oscillations between qubit states can be
induced by a simple periodic modulation of one of the
Kondo couplings, with J;(t) = J;(0) 4 §J sin(wt) for a fixed
J>. The corresponding oscillations are shown in Fig. 4(c),
where J;(t)/J., oscillates 0.988 4= 0.0188 with period T =
2rh/ey = 33.87 x 2 h/A. To avoid admixing high-energy
states, the driving frequency must be much smaller than the
superconducting gap: w = €y < A/2mh. The initial state is
the ground state for J; /A = 21 (J; /J., = 0.988). This driving
protocol can be implemented in the setup shown in Fig. 3
using the gate electrodes connected to the quantum dots (V;
and V, in Fig. 3), which govern the tunneling into/from the

(a) sudden quench (b) stepwise driving (c) continuous driving(effective model)
1.0F ]
1<S0)IS' (V>
0.8 |
o
= 0.6¢ effective
g 04} model
0.2 5
[<S'O)IS'(H)>
0.0L |

AWV

96

“00 02 04 06 038

Aot/ZJTh
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Aot/2nh
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Aot/zﬂfl

FIG. 4. [(a) and (b)] Blue and red lines are the overlaps between the time-evolved qubit state and the two initial singlet states computed
using time-dependent NRG. The black dashed lines correspond to the overlap derived from the effective two-level model in Eq. (2). The
figures below are the corresponding quench profiles. (c) Overlap under a continuous driving calculated from the two-level effective model

from Eq. (2).
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outer quantum dots, effectively modulating the Kondo ex-
change J;». An oscillating electric field applied to the gate
electrode could serve as the driving force. Notably, in this
setup, J; and J, can be independently controlled, though this
is not strictly necessary for qubit operation, as modulation of
both couplings simultaneously is also viable. Readout can be
achieved by measuring the absorption spectrum of an applied
AC field [57,58]. Absorption is maximized at the transition
frequency, enabling precise characterization of the qubit state.
Similar to Ref. [51], the device in Fig. 3 can be integrated into
a cavity, allowing the readout of the qubit by coupling to the
cavity modes.

VI. CONCLUSIONS

In conclusion, we have theoretically proposed a novel qubit
platform that can be realized using a TSC grown on a su-
perconducting substrate. However, to realistically operate and
read out the qubit, we have also introduced a mesoscopic de-
vice that quantum simulates the TSC-superconductor system.
We have identified a parameter regime where the qubit has
two lowest-lying spin-singlet states, which make the qubit
immune to random magnetic fields. Quasiparticle poisoning
[59-61] can still be a source of decoherence, giving rise to a
nonzero population of the doublets D; and D,. However, the
clear separation in energy of the singlet states and the doublets
is expected to provide additional protection against the latter.
Known schemes to avoid poisoning can also be implemented
[53,54,61,62]. Finally, it is also worth mentioning that the
simple readout mechanism outlined in the previous paragraph
has been successfully used in state-of-the-art transmonlike
qubits [57,58].

ACKNOWLEDGMENTS

We acknowledge useful discussions with F. S. Bergeret J.
I. Pascual, S. Trivini, R. Aguado, and A. Levy-Yeyati. This
work has been supported by Agencia Estatal de Investigacion
(AEI) del Ministerio de Ciencia e Innovacion (MCIN
Spain) through /AEIl/10.13039/501100011033 Grants No.
PID2020-120614GB-100 (ENACT) and No. PID2023-
148225NB-C32 (SUNRISE). J.O. acknowledges the
scholarship PRE_2021_1_0350 from the Basque Government
and the ANR grant FERBO.

DATA AVAILABILITY

The data that support the findings of this article are openly
available [63].

APPENDIX A: ZERO-BANDWIDTH
APPROXIMATION (ZBA)

The ZBA [46,47,64] can be used to qualitatively describe
the low-lying spectrum of the systems studied in the main text,
as obtained using NRG. In the ZBA, the Hamiltonian reads

H = Hy + Hs + H,, (A1)

Hy=A Y [c}cl +Hel, (A2)

a=1,2

HS = JIZSI . S2 + Z JaSa : (Clsocax’)»

a=1,2
H, = —11» Z[eiqs/zc;faczg + H.c.],
s

(A3)

(A4)

where Cls (cqs) is the creation (annihilation) operator of an
electron with spin s on the « site, A is the superconducting
pairing energy, J, describes the Kondo exchange coupling
of the edge states with the substrate, Jj, is the exchange
interaction between the edge state spins, and 7, is a hopping
term between the superconductors, which accounts for the
extension of the YSR states [47] and the overlap between
the channels that couple to the edge states. A phase bias, ¢,
controlled by an external flux, has been added to the hopping
term. It determines the size of the energy difference between
the lowest-lying spin-singlet states. Thus, along with the hop-
ping amplitude of the junction (described by ¢, in the above
model), the phase bias ¢ can also be used to control the gap
at the avoided crossing. However, noise fluctuations in ¢ can
be a source of dephasing (see Fig. 8 below and discussion in
Appendix D).

The lowest-lying states described by the ZBA Hamiltonian
for t;; = 0 are listed in Table 1 in the main text. The phase di-
agram, as a function of the Kondo exchange between the edge
states and the substrate, is shown in Fig. 5(a). Notably, for fi-
nite Ji,, a transition between the two lowest-lying spin-singlet
states Sy and S, takes place along the trajectory in parameter
space indicated by the black dashed line. The evolution of the
energy of the four lowest-energy states along this trajectory
is shown in Fig. 5(b), where a (level-crossing) quantum phase
transition occurs between Sy and S», while the doublet states
remain well separated at higher energy. This transition can be
regarded as a nonlocal quantum phase transition, since tuning
one of the Kondo exchange couplings of one impuritiy drives
the entire system across a phase transition into a different
(spin-singlet) ground state in which both impurities capture
a quasiparticle from their respective superconducting baths
(recall that ¢1, = 0 here and the two superconducting sites are
not coupled and therefore independent).

Additionally, there is a parity-changing quantum phase
transition [43—46]. The latter is accessible along the dotted
black line shown in Fig. 5(a). The corresponding spectrum
evolution is shown in Fig. 5(c), highlighting the parity change
of the ground state between the (spin-singlet) Sy state and the
(spin-doublet) D, state.

As briefly mentioned in the main text, the hopping term
Hy; effectively breaks global particle-hole symmetry, mixing
the two singlet states by generating a finite matrix element
between Sy and S,. Global particle-hole symmetry (PHS)
is defined by the transformation, where c¢,, — CI,_”, which
changes Hj, — —Hj,. Thus setting ¢, # O breaks the global
PHS, and results in the avoided crossing of the two singlets.
Let us recall that, within the ZBA, H;, is intended to describe
the overlap between the channels that couple to the two dif-
ferent edge states of the TSC chain, namely the term o S12(€)
in Eq. (1) of the main manuscript. However, it can be shown
(see Appendix F below) that the choice S(¢) = 1 describing
the two-impurity system on the same superconductor, does not
break global particle-hole symmetry. Indeed, the latter is bro-
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FIG. 5. Results obtained using the zero-bandwidth approximation (ZBA). (a) Phase diagram of the two impurity model for J;, = A and
t1o = 0 as a function of the individual Kondo exchange couplings with the substrate, J; and J,. [(b) and (c)] Evolution of the energy of the
four lowest-lying states along the dashed and dotted lines in (a), respectively. (d) Comparison between no hopping (dashed lines) and a small
hopping term (solid line) in the vicinity of the Sy — S, transition in (a).

ken by the scattering potentials & Vi, V, in Eq. (1). Therefore,
in this sense, the ZBA must be regarded as an effective de-
scription, and we must carefully compare it with the results
obtained for the full two-impurity model studied using NRG.

With the above caveat in mind, we notice nonetheless
that Hj, mixes the spin-singlet states Sy and S, which are
eigenstates at r;, = 0. This results in a new pair of spin-singlet
states, S and S’, which exhibit an avoided crossing, as shown
in Fig. 5(d) (¢ = 0 in the figure). This figure resembles the
results obtained by NRG calculation [see Fig. 2, panels (a)
and (c)], demonstrating that the ZBA can capture the behavior
of the low-energy spectrum obtained from NRG as a function
of the Kondo exchange of one of the impurities.

Finally, we notice that the effect of the phase ¢ is illustrated
in Fig. 8(a), which shows that an external magnetic field can
also used to control the transition energy of the qubit states
in the quantum-dot device (note that ZBA also applies to this
system).

APPENDIX B: LEVEL CROSSING BETWEEN
THE TWO SUB-GAP SINGLET STATES

In this Appendix, we briefly discuss the low-energy en-
ergy spectrum obtained from NRG when setting Sjp =0
and V;» = 0 in Eq. (1) of the main text. The Wilson chain
Hamiltonian reads, H = Hipmp + H, + H, and it is described
in Eq. (F1) below.

In this case, as shown in panel (a) of Fig. 6, a phase
boundary between two phases adiabatically connected to the
states Syp and S, shown in Table I exist. These two spin-

A =0.025D Jiz=A V1 =0 VZZO(b)

0.6,
W
0.5 T
o4

2
D

m 0.2

0.1

S5
0.0keeS0 “
094 096 098 1.00
Jiler

1.02

Ji/A

FIG. 6. NRG results for Eq. (1) of the main text with S, =0,
i.e., for two independent superconducting baths. (a) Phase diagram
for Ji, = A,V; =V, =0. (b) Subgap energy levels related to the
ground state along the line J,/A = 20.

singlet states become degenerate at this boundary as shown
in panel (b) of the same figure. The latter displays the evo-
lution of the low-energy spectrum along the path shown in
panel (a) as a dashed line, along which J,/A = 20 while J;
is varied. This level crossing is the nonlocal quantum phase
transition, which was mentioned above in our discussion of
the ZBA.

APPENDIX C: BEYOND THE TWO-IMPURITY
APPROXIMATION

In order to assess the role of the intra-chain exchange
between the triangulene units in a TSC, we have studied an ex-
tension of the two-impurity ZBA model using density-matrix
renormalization-group (DMRG). This allows us to investi-
gate whether disregarding all internal degrees of freedom of
the spin-1 chain and replacing it with two spin-% impurities
representing the edge states is a valid approximation for de-
scribing the low-lying spectrum of the TSC-superconductor
system. Note that, even with DMRG, studying the spectrum
of the N-spin chain on an extended superconducting system
is a daunting task. Thus, taking notice of the success of the
ZBA in describing the low-lying spectrum, we replace the full
extended superconductor by a finite superconducting chain in
the model described below.

Specifically, we study the spectrum of a N-site antifer-
romagnetic Heisenberg spin-1 chain, which is a minimal
model for the VBS phase, coupled to a one-dimensional su-
perconducting chain. Each spin-1 “impurity” (representing a
triangulene unit of the TSC) is coupled via Kondo exchange
Jx to a single superconducting site of the type considered
in the previous section. The spins are coupled to each other
with an isotropic (i.e., Heisenberg) exchange J > 0. Finally,
the superconducting sites are coupled with a constant hopping
amplitude, as in Eq. (Al). The Hamiltonian of the resulting
model reads:

N N
A=Y JSi(cjoweiw)+ Y Alchel, +He)
i=1,ss'

i=1

+ Y JSi-S;— > t(cf i+ He). (C1)

(ij) (ij).s

The choice of parameters is as follows: For the Heisenberg
coupling, we set J = 5A. For the Kondo exchange, we set
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FIG. 7. (a) Spectrum of low-lying states as a function of the
ratio of the rightmost Kondo coupling Jk =12 = J cqee t0 the bulk
Kondo exchange Jk;—i .11 = 1.626A for the model in Eq. (C1)
(A 1is the strength of the pairing potential in the superconducting
chain). (b) Absolute value of the impurity impurity-superconductor
spin correlations, (S; - s.;), where s.; = Y CETU.;.Y'CI'S/ for all sites
i=1,...,12, as a function of JK_edge/JK_bulk'. Notice the substantial
increase in the correlations in both edges as the Kondo coupling is
increased in the rightmost edge only.

Jxi = Jkpuk = 1.625A fori = 1, N — 1, while the right-edge
Kondo coupling, Jx,i—y = Jk,edge andt = 0.5A for the hoping
amplitude. We simulate the tuning of the Kondo coupling
by an STM tip on top of the rightmost terminal triangulene
unit by changing the ratio Jg edge /Jx buik between 2~ 0.95 and
=~ 1.15. Using DMRG, we have computed the energy of the
lowest-energy states with fixed total spin-z projection (S%)
and fermion parity, P = (—1)" (where Ny is the number
of fermions in the superconducting chain). In addition, we
also compute the absolute value of the spin-spin correlation
(S; - (ZM, cLam/ cig)) in the ground state, which is a measure
of the strength of Kondo-like correlations between the spin-1
impurities representing the triangulene units and the nearest
superconducting sites.

In Fig. 7(a), we show that by tuning the rightmost edge
Kondo coupling, the low-energy spectrum displays the same
avoided crossing that was observed in the two-impurity model
of the chain using ZBA. Both the ground state and the
first excited state are spin singlets, while at higher energies
we find a spin-doublet of opposite fermion parity, P. Ex-

amining the spin correlations across the avoided crossing,
Fig. 7(b) shows a substantial increase of the latter (by a
factor of four) as the right-edge Kondo coupling is tuned
from JK,edge 2~ 0.95Jk bui to JK,edge =~ 1.15Jk puik- Notice that
the spin correlations increase almost symmetrically at both
ends of the chain (i.e. for i =1 and i = N = 12). However,
on average, they remain much smaller at all the other sites
(i.e.i=2,...,11) as the system is driven across the avoided
crossing of the spin-singlets. In terms of the picture pro-
vided by the two-impurity ZBA, to the left of the avoided
crossing, the ground state resembles more the Sy state (see
Table I in the main text) as the spin correlations with the
superconductor are weak (0.2 typically), despite the fact
that Jx vux > A. However, as we approach the point where
the gap between the spin-singlets takes its minimum value
for Jk edge/Jx buik = 1.05, the correlations between the edge
spins sharply increase up to ~0.8, which would be consis-
tent with the formation of a singlet-like states between edge
states and the superconductor. In the language of the two-
impurity ZBA, this resembles the state S, (see Table I of the
main text).

APPENDIX D: RELAXATION AND DEPHASING

Maintaining quantum coherence is essential for storing
and processing information in a qubit. However, interactions
with the surrounding environment inevitably lead to deco-
herence, which occurs through two processes: relaxation and
dephasing.

Relaxation, characterized by the qubit lifetime 77, refers to
the loss of energy as the system decays from the excited state
|1) to the ground state |0) of the qubit. It is typically induced
by coupling to environmental modes that can absorb energy,
such as photons, phonons, or other excitations. The environ-
mental degrees of freedom appear as noise in a parameter of
the system 7, such that the decay process is related to the
overlap between the excited- and ground-state wave functions
T « |(1|%—fn[|0)|2 [55,56,65,66].

Dephasing, characterized by 75, corresponds to the loss
of phase coherence between |0) and |1) without necessarily
changing their populations. Dephasing arises from random
environmental fluctuations (e.g., magnetic, charge, or flux
noise) that shift the qubit transition frequency and scramble
the relative phase coherence. The dephasing rate depends both
on relaxation and on pure dephasing, 1/7, = 1/(2T) + 1/T,.
The latter is related to the curvature of the 0 — 1 transition
energy with respect to external parameters. When a qubit
is operated in the optimal working point, the first derivative
respect to external parameters vanish, so that the limiting
factor for the pure dephasing is given by the second derivative:
|8;%|2 [55,56,65].

In this section, we estimate the evolution of the main terms
affecting to lifetime and dephasing for the triple quantum-dot
device discussed in the main text, as a function of the external
parameters ¢y and J;. For this estimation, we use the ZBA.
As explained in the main text, this approximation is limited
in that we cannot directly relate the model parameters of the
calculation with actual experimental ones. However, it yields
a simpler model that provides quick access to approximate
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FIG. 8. (a)is the phase dependence of the energy of the four lowest-lying states of the qubit in the ZBA. Estimations of the optimal working
points are shown in (b) and (c), which display calculations of the curvature of the qubit states splitting, Ey; = E| — Ey, with respect to ¢ and
the Kondo exchange couplings J; = J;, as a function of the hopping, t = #;, and exchange coupling between dots, J;,. The estimations are

calculated for a zero applied external flux. (d) shows the calculated | (ll% |0)|2. In this panel, J corresponds to one of the two Kondo couplings

(i.e., either J; or J,).

trends that are useful for identifying the optimal working
points of the device as a function of ¢ = 71, and Ji,.

Figures 8(b) and 8(c) show the second derivative of the
qubit transition energy with respect to the external flux and
the Kondo coupling, plotted as functions of the hopping ¢ and
inter-dot exchange Jj». The second derivatives are evaluated
at the minimum-energy point, where first derivatives vanish,
i.e., the optimal working point. We find that the former esti-
mates decrease with decreasing Kondo coupling J, while they
remain stable with respect to changes in ¢. The latter follows
the opposite trend with J. Since the Kondo couplings are
controlled by the gate voltages applied to the device in Fig. 3
of the main text (gates G; and Gy), the results of Fig. 8(c) are
related to the gate-noise-induced dephasing rate.

For the relaxation, observing Fig. 8(d), we note that there
is no dependence in Ji,, while the decay rate decreases with
increasing ¢. Importantly, we also find that the qubit is fully
protected against flux-noise-induced relaxation ((1|%|0) =
0), since the qubit ground state is an eigenstate of the super-
current operator across the junction, J = % with eigenvalue
zero for ¢ = 0.

Finally, it is worth emphasizing that although the calcu-
lations above are performed for the microscopic fermionic
model, the triple-quantum-dot device described in Fig. 3
would ideally be embedded in a bosonic cQED ar-
chitecture. This would enable coherent control of the
device as well as fine-tuning against charge and flux
noise [65].

APPENDIX E: EFFECT OF CHARGE FLUCTUATIONS

In the main text, we have used an effective Kondo Hamil-
tonian to describe the coupling of the triple quantum dot
system to the superconductors in a junction. In this section,
we use the more fundamental Anderson model in order to
assess the effect of charge fluctuations in the outer dots of the
triple-dot system. To this end, we study the following minimal
model of two Anderson impurities coupled to each other by
super-exchange and tunnel coupled to two superconductors in
a junction:

H=J3S-S;—t» Z(Cltalckdz + H.c.) + Z H,, (E1)

k.o a=1,2

1

1 ,L
H, = U(nd;Ta — z) (nd;w — 5) —ly Z(dl;cka'a + H.c.)
ko

+ ) oo + A Y (CkpaCija + He).  (E2)

k,o k

Here d,, (d;a) is the annihilation (creation) operator for elec-
trons in the dot and cyy ¢ (cltm) is the annihilation (creation)
operator for electrons in the superconductor o = 1,2 with
s-wave pairing potential proportional to A. U is the onsite
coulomb interaction strength. We use the symmetric Anderson
model to describe the dots. The global particle-hole symmetry
is broken by the junction tunneling term o 7;5.

Carrying out the calculation of the low-energy spectrum
using NRG, we find a parameter regime accessible by tuning
the funneling into one of the dots (which in turn controls
the Kondo coupling) where the two lowest-energy states are
spin-singlets and undergo an avoided crossing, see Fig. 9.
Notice that, as shown in the figure, the avoided crossing is
observed for finite tunneling amplitude ¢, between the two
superconductors in the junction [i.e., panel (b) of the figure].

APPENDIX F: ON THE CHOICE OF THE WILSON CHAIN

In order to carry out the numerical renormalization group
(NRGQG) calculations of the low-energy spectrum, the Hamil-
tonian of the superconducting host (the bath) in Eq. (1) of
the main text is discretized logarithmically using the adaptive

(a)  tia=0 (b)  tn=A
0.6 0.6
T T
) Sy B S ——
<04 204
;.48 03 D, D, L;G 0.3 D, D,

I — o
O.IM O.IM

1.8 1.9 2.0 2.1 22 18 9 2.0 2.1 22
/A /A

FIG. 9. NRG results for the effective model [cf. Eq. (E1)] of
a triple quantum dot device for U, = U, = 8A, e = —0.5U, I, =
1.999A, J;; = A, and A = D/400, where D is the band width. I'; =
7t? po is the hopping rate. The interbath hoppings are (a) ¢ = 0 and
(b) 112 = A.
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scheme described in Ref. [67] with discretization parameter
A = 4 assuming a constant density of states p = 1/(2D). This
procedure yields the following Wilson-chain Hamiltonian for
the superconducting host:

H =H, + H}5. (F1)
Hy = Himp + H) + >, (F2)
Hinp = J1281 - S2 +J1S1 - 81 +LS0 - 52, (F3)

Hy =Vana(0) = > til fus ()£, (i + 1) + H.c]

+ Alfar (D) foy () + Hee ], (F4)

where #; ~ A7/? decays exponentially. We note that the
Hamiltonian, Hy, for V, # 0 only preserves the SU(2) spin
symmetry. However, if V, =0, there is a hidden U(1)
charge symmetry [34,68], whose generator iS Qy.q = (Q4.¢ +
0_.4)/2, where

Qre =D _(=D'f31 (5, (F5)

0 =0, (F6)

This U(1) quantum number plays an essential role in our qubit
systems.

ﬁlxz denotes the term in the Hamiltonian coupling
the two superconducting baths (channels). For the TSC-
superconductor system, the tunneling reads

A5C = =Sy tlfie()fs, (i +1)

+ fao (Df1, i+ 1)+ Hel, (F7)

where S|, = S(ep) is the tunneling amplitude for the elec-
trons at the Fermi level to propagate from impurity 1 to
impurity 2 [34]. This Hamiltonian preserves the pseudocharge
quantum number, O = Y, Qvq, ie. [QF, HEC] = 0. Fur-
thermore, the two singlets have different quantum number
Q7. To generate an avoided crossing, we need to break this
symmetry by including the scattering potentials that couple
to the local densities at the first sites of the channel Wilson
chains.

On the other hand, for the quantum-dot device, the tunnel-
ing reads

AP = —12 ) [ fio ()3, () + fro DfLD).  (F8)

In this case, the conserved pseudocharge generator is not Q;
but O =Y, Ove(—1)*. The two singlets have the same
0, which allows the hopping term to mix the singlet states
and leads to an avoided crossing. The difference between
these two models (TSC and quantum-dot device) can be
understood by considering the particle-hole transformations
generated by O:

fao (0) = PG, @) f) _, (), (F9)

fh ) — PG, @) fo—o (i), (F10)

where P(i,a) = (—1)" as generated by Qf for the TSC
system, and P(i,) = (—1)**, as generated by Q for
quantum-dot device. That is, the two models are invariant
under different particle-hole transformations. For the TSC
system with V; =V, =0, the two Wilson chains undergo
the same (global) particle-hole transformation since they are
derived from the Hamiltonian of a single superconductor [34].
On the contrary, the Wilson chains for the quantum dot device
describe two independent superconductors that are coupled
by tunneling. As it has been mentioned in the main text and
above in the discussion of the ZBA, the latter breaks the global
particle-hole symmetry generated by Q.

APPENDIX G: DETAILS OF THE NRG FOR THE DEVICE

For the calculation of the low-energy spectrum and the
time evolution of the QD device, we set V, = 0. In this limit,
we further simplify the Hamiltonian following the method
described in [69] which corresponds to a rotation in the
conserved Q_ sector. We apply the following Bogoliubov
transformation:

: 1 . :
by, (D) = ﬁm}(z) + far (D)), (G1)
1
bay (i) = —=(f1, (i) = fuy (D)), (G2
i( ) «/E f, 1 S i( ) )
followed by a particle-hole transformation for chain 1:
cl,(2i) = b}, (20), (G3)
c1y(2i) = by (20), (G4)
c},2i—1)=b (2i - 1), (G5)
c1y(2i — 1) = —b}, (2i — ). (G6)
For chain 2,
¢}, (2i — 1) = b}, (2i — 1), (G7)
2 (2i — 1) = by (2i — 1), (G8)
3, (20) = by (2i), (G9)
c2y(20) = =D}, (20), (G10)
which yields the following Wilson-chain Hamiltonian:
H = Hyny + H) + H) + HS", (G1D)
A = Z {t,- Z(cw(i)c;a(i +1)+H.c.)
- A(—l)”“Qz;a(i)}, (G12)

and

HS” = —t2 Y [cao(i)e}, (i) + c1o(i)ch, (D). (G13)

The NRG for the model in Eq. (1) with constant overlap ma-
trix Sp2 (corresponding to the TSC-superconductor system) is
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performed using the conserved SU(2) spin, S. For the device,
we used both the SU(2) spin and U(1) pseudocharge quantum
numbers (S, Q7):

0z = 071 + 0z, (G14)

1
0z = Z Qzald) = 5 Z[nmi) + gy (i) — 11, (G15)
s=> [s;mp + Zsa(i)]. (G16)

We keep at most 5,000 multiplets (~15, 000 states) for the
spectrum and evolution of the device. In the presence of a
gap, the NRG iteration should be truncated at iterations with
energy scale wy < A [70]. We stop our NRG computation at
iterations with energy scale ~107°A and use a temperature
T < A as an effective zero-temperature limit.

APPENDIX H: TIME-DEPENDENT NRG CALCULATIONS

In this section, we provide the details of the time-
dependent NRG calculation for the overlap after a multiple
quench. For the quench profiles of the series of Hamiltonians

Py =

Iy, €n,my L,ey,my Iy ,e,my

Z Z Z (I N N |Lyewmy) (Lye,m,|e M ...

Hy, H, ..., H, with periods o =0, ¢, ...,1t, starting from
initial states |lpe) N) and |I,e) N) where |/;e;N) denotes the
state of Hamiltonian H; at the last iteration N labeled by /;
and the environment index ¢;. By the definition, within the full
density matrix NRG (FDM-NRG) [71], all states are discarded
at the last iteration. The overlap attime t =, + 6, + -+ + 1,
reads

Plol(’,(t) — <l(/]eONN|e—iHnln ... o iHin ‘lOeS]N) (H1)
Next, we insert the complete basis [72,73] for each NRG of

Hamiltonian H;:

I; = Z |lieim;) (Lieim;], (H2)
lieim;
= Y lhem) (Liemi| + Y Isiem]) (siemi].  (H3)
lie;m;<m, si€;

where [; are the labels for all the discarded states at iteration
m; and s; labels both the discarded and kept states. e; is the
index for the environment basis. Both of the identities will
be used in the following derivations. Using the first equation,
we get

|heams) (beamale™ ™2 |lieymy) (lieymyle™™ " |loey N).  (H4)

Using the NRG approximation (l;e;m;|e™ " = (l,e;m;|e~"U-mi where €(l;, m;) is the eigenvalue of the eigenstate (l;e;m;|

and the following identity for the multiple sums [74]:

IIEEDDIE

l 2€n My [2 €,my 11 ey,m

In the right-hand side, 7y, - - -

#K1.K>,

ZZZ

Pl €1,€2,0

(H5)

, r, label both kept or discarded states, and they cannot be all kept states in the summation. We

have
#Ki.K;,
—ie(ry,mt,
Py = E E > " (loed N |ruewm) (rueamlry_yen_ym)e"Cnmin ..
TP, 1y e1,e,-,ey m
x |[raeam) e~ eomryeym)e " (1 eym| loey N,
#K1. Ky, K,
= E E E loe N|rnen Sr,,,r",l (m)‘se”,e,,,le_K(rmm)z" t
ry,r, sIn €1,e2, .6, m
—ie(ry,m)t, —ie(ry,mt N
x e e )ZS, (M), e o ”(rlelm’lonN),
#Ki.K>,
= E E E rlem|loeo () eON|rnem)
ri,r,:
—ie(ry,mt, —i€e(ry,mt. —ie(ry,m)t
x Sr,,,r,,,l(m)e (rasm)ty | ,=ie(r2 )ZSrz,rl(m)e (r )1’
where S, ,(m)d,, ¢, , = (rne,m|r,_1€,—1m) is the overlap matrix element between NRG eigenstates of different Hamiltonians

[73]. Next, we calculate the following matrix element by inserting the second identity in Eq. (H3):

Z (riem|loey N) (lgeq N |ruem),

e

= Z(rlem|

lyegmo<m

(H6)

Z lloeomo) (loeomol + Z |soeom) (soeom| | |loeg N)

So€o
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< (leg N[ Y lloeomo) (loeomol + Y Isoeom) (soeom| ||ruem) (H7)
lyegmo<m soeo
= D" (riemlsoeom) (socom|loel N) {Ijet N |soem) (shegmirem) (HS)
e s0e0 sje
= D DD o Men(socom|loey N) (Il N syeim) Sy, (m)oe, (HO)
e s0e0 sge
=D Snw(m) [Z [z O, <N>A§Ze§isgg}ssér,, (m) (H10)
505 e
=Y Spa MmO (m)Sy,, (m), (H11)

0
/
SoSO

where Oy, (N) = |loeS’ N) (l(/)elov N| is the matrix element at the last iteration of NRG on Hy and 0™4

element, which is calculated by the tensor product of the unitary transformations

ol — 05} (m) is the reduced matrix

An»nfl

lospe Calculated from each NRG iteration of

Hj and tracing out the environment basis [71]. Combining Eqgs. (H6) and (H11). The overlap is

#K1,Ky,-+ Ky

K
—i€(ry,mty —ie(ry, d
Pyg= ) DD e U, o m) x e OIS, O (S, (m).

FLF2,c T M sgs)

To compute this, we first compute all the NRG eigenvectors and eigenvalues for the Hamiltonians, Hy, ..

(H12)

., H,. Then use the

eigenvectors to compute all the necessary overlap matrix element §;; and the reduced matrix elements O™, Finally, inserting

everything into Eq. (H12) leads to the result.
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