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𝑃 ℎ0

𝑃𝑐

𝑃

𝑄

𝑄 ≠

𝑄 𝑀

xy

z

Ru

Co

(a)

(d)(c)

DMI modulada

espacialmente
DMI homogénea

x

y
z

Ru

Co

(b)



𝑇 𝑇𝐶

𝑄 𝑀 𝑃 𝑇

ℎ𝑏 ℎ

ℎ0 𝑄(𝑃, ℎ𝑏) 𝑀(𝑇, ℎ)

ℎ0

𝑄(𝑃, ℎ𝑏) ℎ𝑏 ℎ𝑏

ℎ0

 

𝑄

𝑃 ℎ𝑏
ℎ0

𝑇 ℎ
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0

P / Pc

h
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h

T / TC

DPT TPT

h0 = 0.125 h0 = 0.375 M / MSQ

(a) (b)

Tendencias

metamagnéticas

(c)



 



 

 

 





 

 

 



 

 

𝐵𝑖
𝑫𝑖𝑗
𝑑

�̂�

ℰ

ℱ

𝑯

ℎ0
ℎ𝑏
ℎ𝑏
𝑚

𝓱

𝒽0
𝒽𝑏
ℋ

𝐼

𝐼0
𝐼𝐷
ℑ

𝐽

𝒋𝑐
𝒋𝑠
𝐾𝑑
𝐾𝑖
𝑘𝐵
𝑘𝑖
𝑴

𝑀𝐻
𝑀𝑠
�̂� 𝑴/|𝑴|

𝑚𝑙
𝑚𝜈 𝜈 = 𝑥, 𝑦, 𝑧

𝑁

𝑁𝑠
𝑃

𝑃𝑐
𝑄

𝑄𝑀𝑂
�̿�

�̃� 𝑟𝑝
𝑟𝑠𝑠 𝑟𝑠𝑝 𝑟𝑝𝑠 𝑟𝑝𝑝
𝑺𝑖
𝑇

𝑇𝐶
𝑡𝑅𝑢



𝛼

𝛽

𝛽𝐷 𝐻𝑏 𝑃 → 𝑃𝐶
𝛽𝑇 𝐻 𝑇 → 𝑇𝐶
𝛾

Δ𝜃𝑖
𝛿𝐼

�̿�

𝜖𝐾
𝜃𝑋

𝜃𝑖
�̃�𝑖
𝜃𝐾
𝜃𝑡𝑖𝑙𝑡
Λ

𝜆

𝝁

𝜇0
𝜇𝐵
𝜇𝑠
𝜎𝐷

𝝈𝑠
𝜏

Φ0
Φ𝑖
Φ𝑀 𝑴

𝜑  

𝜒

𝜒𝐷
𝛹

𝛹0
𝛹𝑖
𝛹𝐻
𝛹𝑀 𝑴

Ω

𝜔

𝜔𝑋



 

 



 

 





 

 

𝝁

𝝁

𝝁 𝑯 𝝁 𝝁

𝑯 𝝁 𝑯 𝝁 ≠

𝑯 𝝁

𝑴

𝑴 𝑯

                                                           



𝑴

𝑴 𝑯

𝑴 = 𝜒𝑯,

𝜒 𝜒

𝜒

𝑇 𝑇 𝑀

𝑇 𝑇𝐶

𝑀

𝑇 𝑇𝐶 𝑇𝐶 𝑀

𝑀

(𝑇𝐶 − 𝑇)
𝛽𝑇

𝑘𝐵𝑇𝐶 𝑘𝐵

𝑇𝐶

                                                           

𝜒

𝜒

 



 

𝑇𝐶
𝑀 𝑇𝐶 𝑇 < 𝑇𝐶

𝐸𝑡 𝐸𝑠

 

T

 

 

M

𝑇𝑐
𝑀   𝑇𝐶 − 𝑇

𝛽𝑇

Ferromagnetic 

phase

Paramagnetic 

phase



ℋ = −𝐽 �̂�1 · �̂�2 

𝐽 = 𝐸𝑠 − 𝐸𝑡 �̂�1 �̂�2

𝑁𝑠

ℋ𝑒𝑥 = −
1

2
∑∑𝐽𝑖𝑗

𝑁𝑠

𝑗=1

𝑁𝑠

𝑖=1
𝑖≠𝑗

�̂�𝑖 · �̂�𝑗 .   

𝐽𝑖𝑗 𝐽𝑖𝑗 > 0

�̂�𝑖 �̂�𝑗 𝑺𝑖 𝑺𝑗

𝑺𝑖 = 𝝁𝒊/𝜇𝑖 𝝁𝒊

𝜇𝑖 𝑺𝑖 𝑺𝑗

                                                           

  



𝑁𝑠

�̿�𝑖𝑗 𝐽𝑖𝑗

ℋ𝑒𝑥 = −
1

2
∑ ∑ 𝑺𝑖

𝑇 �̿�𝑖𝑗 𝑺𝑗
𝑗∈𝒩1(𝑖)

𝑁𝑠

𝑖=1

,   

𝑺𝑖
𝑇 𝒩1(𝑖)

𝑖 �̿�𝑖𝑗

�̿�𝑖𝑗 = 𝐽𝑖𝑗𝟙3×3 + �̿�𝑖𝑗
𝑆 + �̿�𝑖𝑗

𝐴 ,    

𝐽𝑖𝑗 =
1

3
Tr[�̿�𝑖𝑗] = 𝐽𝑗𝑖

�̿�𝑖𝑗
𝑆 1

2
(�̿�𝑖𝑗 + �̿�𝑖𝑗

𝑇 ) − 𝐽𝑖𝑗𝟙3×3 �̿�𝑖𝑗
𝐴 =

1

2
(�̿�𝑖𝑗 − �̿�𝑖𝑗

𝑇 )

𝟙3×3

ℋ𝑒𝑥 = −
1

2
∑ ∑ (𝐽𝑖𝑗  𝑺𝑖 · 𝑺𝑗 + 𝑺𝑖

𝑇 �̿�𝑖𝑗
𝑆  𝑺𝑗 +𝑫𝑖𝑗 · (𝑺𝑖 × 𝑺𝑗))

𝑗∈𝒩1(𝑖)

𝑁𝑠

𝑖=1

, 

�̿�𝑖𝑗
𝐴

𝑫𝑖𝑗 = −𝑫𝑗𝑖

(𝐷𝑖𝑗
𝑥 𝐷𝑖𝑗

𝑦
𝐷𝑖𝑗
𝑧 ) = (𝒥𝑖𝑗

𝐴 𝑦𝑧
−𝒥𝑖𝑗

𝐴 𝑥𝑧 𝒥𝑖𝑗
𝐴 𝑥𝑦
).



𝑺𝑖 × 𝑺𝑗

𝑺𝑖 × 𝑺𝑗

𝑫𝑖𝑗

𝑫𝑖𝑗

𝜇𝐵



𝐸𝐹

𝐽𝑖𝑗

𝑫𝑖𝑗

 

ℋ𝑑𝑖𝑝 = −
𝜇0
2
∑∑𝝁𝒊 · 𝑯𝑑𝑖𝑝

𝑗(𝑖)

𝑁𝑠

𝑗=1

𝑁𝑠

𝑖=1
𝑖≠𝑗

, 

𝜇0 𝑯𝑑𝑖𝑝
𝑗(𝑖)

𝝁𝑗

𝑯𝑑𝑖𝑝
𝑗(𝑖)
=
1

4𝜋

3𝒓𝑖𝑗(𝝁𝑗 · 𝒓𝑖𝑗) − 𝝁𝑗|𝒓𝑖𝑗|
2

|𝒓𝑖𝑗|
5 .    

𝒓𝑖𝑗 = 𝒓𝑖 − 𝒓𝑗 𝒓𝑖 𝒓𝑗

𝑯𝑑𝑖𝑝
𝑗(𝑖)



𝑀𝑠

ℋ𝑑𝑖𝑝 =
𝜇0
2
𝑉𝑀𝑠

2(1 − cos2Ψ𝑀),   

𝑉 Ψ𝑀

ℋ𝑑𝑖𝑝

 

(a) (b) (c)



ℋ𝐾 =∑(𝑘1(1 − (𝑺𝑖 · �̂�)
2) + 𝑘2(1 − (𝑺𝑖 · �̂�)

2)2 + 𝒪((1 − (𝑺𝑖 · �̂�)
2)3))

𝑁𝑠

𝑖=1

 

=  ∑(𝑘1 sin
2Φ𝑖 + 𝑘2 sin

4Φ𝑖 + 𝒪(sin
6Φ𝑖))

𝑁𝑠

𝑖=1

,

�̂� Φ𝑖 𝑺𝑖 �̂�

𝑘1 𝑘2 sinΦ𝑖

sin6Φ𝑖

𝑘1 (𝑘1 + 𝑘2

                                                           



ℋ𝑍 = −𝜇0∑𝝁𝑖 · 𝑯
𝑖

𝑁𝑠

𝑖=1

= −𝜇0∑𝜇𝑖𝑺𝒊 · 𝑯
𝑖

𝑖

, 

𝑯𝑖

𝜇0𝐻

ℋ = ℋ𝑒𝑥 +ℋ𝑑𝑖𝑝 +ℋ𝐾 +ℋ𝑧.

ℋ𝑒𝑥 ℋ𝑑𝑖𝑝



𝑀𝐻

𝐻

𝑀𝑠

𝑀𝐻 𝑀𝑟

𝐻

𝐻 𝑀𝐻

𝑀𝐻 𝐻

𝐻 𝐻 



 

±𝑀𝑠 ±𝑀𝑟
±𝐻𝑐 ±𝐻𝑐𝑙

−𝐻𝑐

𝑀𝐻

−𝐻𝑐𝑙

𝑀𝐻(𝐻)

𝐻

−𝑀𝑠

𝑀𝐻
𝑖𝑛𝑐(𝐻) = −𝑀𝐻

𝑑𝑒𝑐(−𝐻)

                                                           

 

 

  

 

M
H

H

Ms

-Ms

Hc-Hc

-Mr

Mr
Hcl

-Hcl



𝐻 𝑀𝐻 = −𝑀𝑟

𝐻

ℱ

ℱ

ℱ

𝐾𝑖(𝑇) 𝑀𝑠(𝑇)

ℱ

𝑉
= −𝜇0𝑀𝑠�̂� · 𝑯 + 𝐾1(1 − (�̂� · �̂�)

2) + 𝐾2(1 − (�̂� · �̂�)
2)2.   

ℱ/𝑉 𝐾1 𝐾2 𝐾1 𝐾2 𝑘1 𝑘2

𝐾1 =
𝑁𝑠

𝑉
𝑘1 𝐾2 =

𝑁𝑠

𝑉
𝑘2 �̂� 𝑴/𝑀𝑠

𝑯 𝑯

Φ0 𝑴 𝑯 Φ𝑀



ℱ

𝑉
=  −𝜇0𝑀𝑠𝐻 cosΦ𝑀 + 𝐾1 sin

2(Φ0 −Φ𝑀) + 𝐾2 sin
4(Φ0 −Φ𝑀).    

 

�̂� 𝛷0 𝑴

𝛷𝑀

ℱ 𝑉⁄ Φ𝑀 Φ0 𝐻

𝑀𝐻 = 𝑀𝑠 cosΦ𝑀

ℱ 𝑉⁄ Φ𝑀

Φ0 𝐻

𝒋𝑐 = 𝒋↑ + 𝒋↓ ,  

𝑧

𝑥

𝑦

𝑯

Φ𝑀

𝑴



𝒋↑ 𝒋↓

𝒋𝑠 = 𝒋↑ − 𝒋↓ .  

𝒋↑ 𝒋↓

 

𝒋𝒄
𝒋𝒔 𝒋𝒄 𝝈𝒔

𝒋𝒔
±

𝝈𝒔
𝒋𝒄 𝒋𝒔

𝒋𝒄

𝒋𝒔

𝒋𝒄 𝝈𝑠 𝒋𝒔 𝒋𝒄

𝒋𝒔

𝜇𝑆 𝝈𝑠

                                                           
𝜇𝑠

𝒋𝒄

𝝈𝒔

y

x

z

𝒋𝒔



 



                                                           

�̿� =  𝜇0𝟙3×3 �̿� 𝑩

𝑯 𝑩 = �̿�𝑯



�̿�(𝜔)

�̿� = (

𝜀𝑥𝑥 𝜀𝑥𝑦 𝜀𝑥𝑧
𝜀𝑦𝑥 𝜀𝑦𝑦 𝜀𝑦𝑧
𝜀𝑧𝑥 𝜀𝑦𝑥 𝜀𝑧𝑧

) . 

𝜀𝑥𝑥 = 𝜀𝑦𝑦 = 𝜀𝑧𝑧

�̿�

�̿�

𝑴

𝜀𝑦𝑧 −𝜀𝑧𝑦

𝑴

𝜀𝑥𝑧 −𝜀𝑧𝑥

𝑴

𝜀𝑥𝑦 −𝜀𝑦𝑥 �̂� =

(𝑚𝑥 ,𝑚𝑦, 𝑚𝑧)

�̿� = 𝑁2 (

1 𝑖𝑄𝑀𝑂𝑚𝑧 −𝑖𝑄𝑀𝑂𝑚𝑦
−𝑖𝑄𝑀𝑂𝑚𝑧 1 𝑖𝑄𝑀𝑂𝑚𝑥
𝑖𝑄𝑀𝑂𝑚𝑦 −𝑖𝑄𝑀𝑂𝑚𝑥 1

) , 

𝑁 𝑄𝑀𝑂

𝑁 𝑄𝑀𝑂

                                                           
�̿�𝒐𝒑(𝜔) �̿�(𝜔)

�̿�(𝜔) = 𝜀0 +
𝑖�̿�𝒐𝒑(𝜔)

𝜔
𝜀0 𝜔



�̂�

𝑴

 

𝑁 𝑄𝑀𝑂

�̿�

�̿�

�̿� �̿�

�̂�

𝑬 = (
𝐸𝑠
𝐸𝑝
),   

𝐸𝑠 𝐸𝑝

                                                           
�̿�

�̿�

𝑦

𝑧

𝑥

𝑦

𝑧

𝑥

𝑦

𝑧

𝑥

L-MOKE T-MOKE P-MOKE

�̿� = 𝑁2
1 0 0
0 1 𝑖𝑄𝑀𝑂
0 −𝑖𝑄𝑀𝑂 1

�̿� = 𝑁2
1 0 −𝑖𝑄𝑀𝑂
0 1 0

𝑖𝑄𝑀𝑂 0 1
�̿� = 𝑁2

1 𝑖𝑄𝑀𝑂 0
−𝑖𝑄𝑀𝑂 1 0
0 0 1

(a) (b) (c)

�̂�

�̂�

�̂�

�̂�

�̂�
�̂�



�̿� = (
𝑟𝑠𝑠 𝑟𝑠𝑝
𝑟𝑝𝑠 𝑟𝑝𝑝

).  

𝑄𝑀𝑂 ≪ 𝑁

�̿� = (
𝑟𝑠 𝛼 + 𝛾

−𝛼 + 𝛾 𝑟𝑝 + 𝛽
). 

𝑟𝑠 𝑟𝑝 𝑴 𝛼 𝛽 𝛾

𝑄𝑀𝑂 𝑚𝑥 𝑚𝑦 𝑚𝑧 𝛼 𝛽 𝛾

�̿� �̿�

�̿�

�̿�

�̿� �̿� �̿�

𝛼 = 𝛽 = 𝛾 = 0

𝛼

                                                           

𝑬𝑖𝑛 = (
𝐸𝑠
𝑖𝑛

𝐸𝑝
𝑖𝑛)

𝑟𝑠 ≠ 𝑟𝑝



𝜃𝐾 𝜖𝐾

𝜃𝐾 𝜖𝐾

𝜃𝐾 = Re(𝛼/𝑟𝑝)

𝜖𝐾 = Im(𝛼/𝑟𝑝)

𝛼 𝜃𝐾 𝜖𝐾

𝛼 𝛾

𝛽 𝑚𝑦

�̿� 𝑟𝑝𝑝

 

𝜃𝐾 𝜖𝐾
𝑬𝒊𝒏

𝑬𝒐𝒖𝒕 𝜃𝐾 𝑃1
𝑃2 𝜃2

𝑃1

�̿�

𝑦

𝑧

𝑥

Laser

Detector

𝑃1

𝑃2

𝜃2

𝑦

𝑧

𝑥

𝑬𝑖𝑛 =
0
1
𝐸𝑝
𝑖𝑛

𝜃𝐾
𝜖𝐾

𝑬 𝑢𝑡 =
𝛼
𝑟𝑝
𝐸𝑝
𝑖𝑛

(a) (b)



𝑃1

𝑃2 𝜃2

𝑃2 𝐼𝐷 𝜃𝐾

𝐼𝐷 𝑀𝐻 𝐻

𝜃𝐾 =
𝜃2
4
 
𝛿𝐼

𝐼
,

𝛿𝐼 = 𝐼𝐷(+𝑴) − 𝐼𝐷(−𝑴) 𝐼 =
1

2
(𝐼𝐷(+𝑴) + 𝐼𝐷(−𝑴))

𝜃𝐾 𝜖𝐾

𝑚𝑥 𝑚𝑧

𝑚𝑧

𝛼 𝛾

𝑟𝑠𝑝 𝑟𝑝𝑠

𝛽

                                                           
𝑃2

 









 

 



 

 

                                                           

 



 

                                                           

Substrate

Gun

Ar flow

Shutter

Ar+

Target atom
e-

Ar

Target

(cathode)

Chimney



 

(a)

Load lock

chamber

Main

chamber

Valve
Interior of 

main chamber
Open 

shutter

Target
Guns





 

𝑑1 𝑑2

𝜔𝑋

2𝜃𝑖
𝑋

𝑲𝟎

40 50 60 70 80 90 100

0.1

0.2

0.3

0.4

 

 

 Determined from XRR

 Linear fit

D
e
p
o
s
it
io

n
 r

a
te

 (
n
m

/s
)

Power (W)

60 90 120 150 180 210

10

20

30

40

50

60

70

 

 

Determined from XRR

 Linear fit

T
h
ic

k
n
e
s
s
 (

n
m

)

t (s)

(a) (b)

Deposition rate:

(from fit)

0.00394 nm·s-1·W-1

Deposition rate per W: 

(from fit)

0.307 nm·s-1



𝑲𝒊 −𝑲𝟎 = 𝑸𝒊 .

𝑲𝒊 {𝑖} 𝑸𝒊

{𝑖} 2𝜋/𝑑𝑖 𝑑𝑖

|𝑲𝒊| = |𝑲𝟎|

𝑸𝟏 �̂�𝟏

𝜃1
𝑋

𝜃1
𝑋 = 𝜔𝑋

𝑸𝟐 �̂�𝟐

 

𝑲𝟎 𝜔

𝑲𝟏 𝑲𝟐

𝜃𝑋 − 2𝜃𝑋

𝜔𝑋 = 𝜃𝑋

2𝜃𝑋

2𝑑𝑖 sin𝜃𝑖
𝑋 = 𝑛𝜆 ,

𝑛 𝜆

2𝜃𝑋

𝑑1

𝜔𝑋

2𝜃1
𝑋

�̂�𝟐
�̂�𝟏
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𝑋
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𝑃1

�̃�1

�̃�1 𝑃1

�̃�1 𝑃1

𝑃2 𝑃2

�̃�2

𝐼𝐷

 

𝛺

�̃�1 �̃�2

�̃�1 �̃�2

𝜃1 𝜃2 Δ𝜃1 Δ𝜃2 �̃�1 𝜃1 �̃�2 𝜃2

𝑦

𝑧

�̃�1

𝑥

Detector

�̃�2𝑃1

𝑃2

  

  

𝑘 

  

  𝑘
 

Light source

2Ω



�̿� = (
𝑟𝑠 𝛼 + 𝛾

−𝛼 + 𝛾 𝑟𝑝 + 𝛽
) = 𝑟𝑝 (

𝑟�̃� �̃� + �̃�

−�̃� + �̃� 1 + �̃�
) = 𝑟𝑝 �̃�.  

�̃�

𝑟𝑝 𝑟𝑠

𝛼 𝛽 𝛾

𝛼 𝛽 𝛾 𝑟𝑠 𝑟𝑝

�̃� �̃� �̃� 𝑟�̃�

𝑟𝑝 �̃� �̃� �̃� 𝑚𝑥

𝑚𝑦 𝑚𝑧 𝑴

�̃�(−𝑴) = −�̃�(+𝑴)

    �̃�(−𝑴) =  −�̃�(+𝑴)   

�̃�(−𝑴) =  −�̃�(+𝑴)

�̃�

𝛿𝐼/𝐼

𝛿𝐼 = 𝐼𝐷(𝑴) − 𝐼𝐷(−𝑴)   



𝐼 =  
1

2
(𝐼𝐷(𝑴) + 𝐼𝐷(−𝑴)). 

𝛿𝐼/𝐼

𝜃1 𝜃2
𝛿𝐼

𝐼
(𝜃1, 𝜃2)

�̃�
𝛿𝐼

𝐼
(𝜃1, 𝜃2)

𝐸𝐹 = �̿�𝟐 �̿� �̿�𝟏 𝐸𝐼 ,   

�̿� 𝐸𝐼 𝐸𝐹

�̿�𝟏 �̿�𝟐

�̿�𝒊(�̃�𝑖) = (
cos2 �̃�𝑖 sin �̃�𝑖 cos �̃�𝑖

sin �̃�𝑖 cos �̃�𝑖 sin2 �̃�𝑖
) , 

�̃�𝑖

𝜃𝑖 𝜃𝑖 = �̃�𝑖 + Δ𝜃𝑖

𝐸𝐹 𝐼𝐷

𝜃1 𝜃2 𝐼𝐷
𝛿𝐼

𝐼
(𝜃1, 𝜃2)

𝛿𝐼

𝐼
(𝜃1, 𝜃2)

𝛿𝐼

𝐼
(𝜃1, 𝜃2) = 4

𝐵1𝑓1 + 𝐵2𝑓2 + 𝐵3𝑓3 + 𝐵4𝑓4 + 𝐵5𝑓5 + 𝐵6𝑓6
𝑓3 + 𝐵7𝑓7 + 2𝐵8𝑓4 + 𝐼0 

   ,

𝐵1 = Re(�̃�) 𝐵2 = Re(𝑟�̃��̃�
∗)

𝐵3 = Re(�̃�) 𝐵4 = Re(𝑟�̃��̃�
∗)

𝐵5 = Re(�̃�) 𝐵6 = Re(𝑟�̃��̃�
∗)

𝐵7 = |𝑟�̃�|
2 𝐵8 = Re(𝑟�̃�) ,

𝑓1,5 (𝜃1, 𝜃2) = sin
2(�̃�1) sin(�̃�2) cos(�̃�2) ∓ sin

2(�̃�2) sin(�̃�1) cos(�̃�1)   

𝑓2,6 (𝜃1, 𝜃2) = cos
2(�̃�2) sin(�̃�1) cos(�̃�1) ∓ cos

2(�̃�1) sin(�̃�2) cos(�̃�2)   



𝑓3 (𝜃1, 𝜃2) = sin
2(�̃�1) sin

2(�̃�2)   

𝑓4 (𝜃1, 𝜃2) = sin(�̃�1) cos(�̃�1) sin(�̃�2) cos(�̃�2)   

𝑓7 (𝜃1, 𝜃2) = cos
2(�̃�1) cos

2(�̃�2)   

�̃�𝑖 = 𝜃𝑖 − Δ𝜃𝑖 Δ𝜃1 Δ𝜃2

𝐼0

𝛿𝐼/𝐼 𝜃1 𝜃2

𝐵𝑖 Δ𝜃1 Δ𝜃2 𝐼0

𝜹𝑰

𝑰
(𝜽𝟏, 𝜽𝟐)

𝐵1 𝐵2 �̃� 𝐵3 𝐵4 �̃�

𝐵5 𝐵6 �̃�

𝛿𝐼

𝐼
(𝜃1, 𝜃2) = (𝐵1𝑔1 + 𝐵2𝑔2) + (𝐵3𝑔3 + 𝐵4𝑔4) + (𝐵5𝑔5 + 𝐵6𝑔6)

= [
𝛿𝐼

𝐼
]
𝐿

+ [
𝛿𝐼

𝐼
]
𝑇

+ [
𝛿𝐼

𝐼
]
𝑃

, 

𝑔𝑖 =
4 𝑓𝑖

𝑓3 + 𝐵7𝑓7 + 2𝐵8𝑓4 + 𝐼0
 ,

𝜃1 𝜃2

𝛿𝐼

𝐼
𝑔𝑖

𝑔𝑖
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𝑔5 𝑔6
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𝑔𝑖 𝜃2 𝜃1 𝑖 = 1,… ,6
𝛿𝐼

𝐼
(𝜃1, 𝜃2) 𝑔𝑖

                                                           
𝑁 𝑟�̃�

𝐵7 𝐵8

𝑟𝑠 =
cosΩ𝑖 − 𝑁 cosΩ𝑡

cosΩ𝑖 + 𝑁 cosΩ𝑡
𝑟𝑝 =

𝑁 cosΩ𝑖 − cosΩ𝑡

𝑁 cosΩ𝑖 + cosΩ𝑡
Ω𝑖 Ω𝑡
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(𝒈𝟏, 𝒈𝟐) (𝒈𝟑, 𝒈𝟒) (𝒈𝟓, 𝒈𝟔)

𝝈𝟏
𝝈𝟐

𝑔𝑖
𝜕(𝛿𝐼/𝐼)

𝜕𝐵𝑖
𝜃1 𝜃2

𝐵1, … , 𝐵6

𝜃1 𝜃2

𝛿𝐼/𝐼

�̃� �̃� �̃�

𝑴

                                                           



𝑴 𝑯 𝑴(−𝑯) = −𝑴(𝑯)

𝛿𝐼

𝐼
= 2

𝐼𝐷(𝑴) − 𝐼𝐷(−𝑴)

𝐼𝐷(𝑴) + 𝐼𝐷(−𝑴)
= 2

𝐼𝐷
𝑑𝑒𝑐(+𝐻) − 𝐼𝐷

𝑖𝑛𝑐(−𝐻)

𝐼𝐷
𝑑𝑒𝑐(+𝐻) + 𝐼𝐷

𝑖𝑛𝑐(−𝐻)

𝐼𝐷
𝑑𝑒𝑐(+𝐻)

+𝐻 𝐼𝐷
𝑖𝑛𝑐(−𝐻)

−𝐻 𝛿𝐼/𝐼 𝐻

𝜇0𝐻

𝜇0𝐻

𝜇0𝐻1 𝜇0𝐻2 +𝐻

−𝐻

 

                                                           
𝝈𝒔

𝛿𝐼/𝐼 𝝈𝒔
𝒋𝑐

+𝐻   



 

𝐻 𝜃1 𝜃2 𝜃1
𝜃2

𝜇0𝐻1
𝜇0𝐻1

𝑴

𝑴

𝛿𝐼/𝐼

𝑴

𝑴

𝛿𝐼/𝐼 𝜃1 𝜃2

𝛿𝐼 𝐼⁄ 𝜃1 𝜃2

𝜃1

𝜃1
𝑐 − 𝑟 2⁄ ≤ 𝜃1 ≤ 𝜃1

𝑐 + 𝑟 2⁄ 𝜃1 𝜃2
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
0
H (T)
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𝐼𝐷
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Φ𝑀 𝐵𝑖 Φ𝑀 = atan [(
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𝑟𝑝𝑝/𝑟𝑠𝑠

�̃�

�̿�

�̿� �̃�

�̿�

�̃�

�̃�

�̃�

𝑁𝐿 𝑑𝑗

�̿�(𝑗)

Ω𝑎

𝒌𝒂 𝒌𝒂
′

𝐴𝑝 𝐴𝑠

𝐵𝑝 𝐵𝑠 Ω𝑓 𝒌𝒇

𝐶𝑝 𝐶𝑠

�̿� 𝐶𝑝 𝐶𝑠 𝐴𝑝 𝐴𝑠 𝐵𝑝 𝐵𝑠

(𝐴𝑠 𝐵𝑠 𝐴𝑝 𝐵𝑝)𝑇 = �̿� (𝐶𝑠 0 𝐶𝑝 0)𝑇
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𝐴𝑠 𝐴𝑝 𝐵𝑠 𝐵𝑝 𝐶𝑠 𝐶𝑝

�̿�𝑝
(𝑗)

𝑗 𝑑𝑗

𝑧 = 𝑧𝑗 𝑧 = 𝑧𝑗 + 𝑑𝑗

�̿�𝑎 �̿�𝑓

�̿� �̿�𝑝
(𝑗)
�̿�𝑎 �̿�𝑓

�̿� = �̿�𝑎
−1( ∏[�̿�𝑝

(𝑗)
(𝑑𝑗)]

−1
𝑁

𝑗=1

) �̿�𝑓 , 

[�̿�𝑝
(𝑗)
(𝑑𝑗)]

−1
= �̿�𝑝

(𝑗)
(−𝑑𝑗)

�̿�𝑝
(𝑗)

𝐸𝑥 , 𝐸𝑦 𝐻𝑥 , 𝐻𝑦

𝝍(𝑗)(𝑧) = (𝐸𝑥
(𝑗)(𝑧) 𝐸𝑦

(𝑗)(𝑧) 𝐻𝑥
(𝑗)(𝑧) 𝐻𝑦

(𝑗)(𝑧))
𝑇
 

�̿�𝑝
(𝑗)

𝝍(𝑗)(𝑧 + 𝑑𝑗) = �̿�𝑝
(𝑗)
𝝍(𝑗)(𝑧) , 

𝒌𝒂

𝒌𝒂
′

𝒌𝒇
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Ω𝑎

Ω𝑓

𝐴𝑝
𝐴𝑠

𝐵𝑝
𝐵𝑠 𝐶𝑝

𝐶𝑠
x

z

z = 0 z = zN

j

𝑑𝑗𝑑1 𝑑𝑁 



�̿�𝑝
(𝑗)
= exp (𝑖

𝜔

𝑐
�̿�(𝑗)𝑑𝑗) .   

�̿�(𝑗)

�̿�(𝑗) =
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−𝑘𝑥
𝜀𝑧𝑥
(𝑗)

𝜀𝑧𝑧
(𝑗)

−𝑘
𝜀𝑧𝑦
(𝑗)

𝜀𝑧𝑧
(𝑗)

0 1 −
𝑘𝑥
2

𝜀𝑧𝑧
(𝑗)

0 0 −1 0

𝜀𝑦𝑧
(𝑗)
𝜀𝑧𝑥
(𝑗)

𝜀𝑧𝑧
(𝑗)

− 𝜀𝑦𝑥
(𝑗)

𝑘𝑥
2 − 𝜀𝑦𝑦

(𝑗)
+
𝜀𝑦𝑧
(𝑗)
𝜀𝑧𝑦
(𝑗)

𝜀𝑧𝑧
(𝑗)

0 𝑘𝑥
𝜀𝑦𝑧
(𝑗)

𝜀𝑧𝑧
(𝑗)

𝜀𝑥𝑥
(𝑗)
−
𝜀𝑥𝑧
(𝑗)
𝜀𝑧𝑥
(𝑗)

𝜀𝑧𝑧
(𝑗)

𝜀𝑥𝑦
(𝑗)
−
𝜀𝑥𝑧
(𝑗)
𝜀𝑧𝑦
(𝑗)

𝜀𝑧𝑧
(𝑗)

0 −𝑘𝑥
𝜀𝑥𝑧
(𝑗)

𝜀𝑧𝑧
(𝑗)
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 ,   

𝑘𝑥 = 𝑘0 sinΩ𝑎 𝑘0 Ω𝑎

𝜀𝜇𝜈
(𝑗)

𝑄𝑀𝑂 �̿�(𝑗)

�̿�(𝑗)

�̿�(𝑗) 𝑘𝑥

�̿�(𝑗)

�̿�𝑝
(𝑗)

𝑑𝑗

�̿�𝑝
(𝑗)

�̿�𝑎

�̿�𝑓

�̿�𝑎(𝐴𝑠 𝐵𝑠 𝐴𝑝 𝐵𝑝)𝑇 = (𝐸𝑥(𝑧 = 0) 𝐸𝑦(𝑧 = 0) 𝐻𝑥(𝑧 = 0) 𝐻𝑦(𝑧 = 0))𝑇   

(𝐸𝑥(𝑧 = 𝑧𝑁) 𝐸𝑦(𝑧 = 𝑧𝑁) 𝐻𝑥(𝑧 = 𝑧𝑁) 𝐻𝑦(𝑧 = 𝑧𝑁))𝑇 = �̿�𝑓(𝐶𝑠 0 𝐶𝑝 0)𝑇 .  
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−1 �̿�𝑓

�̿�𝑎
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(𝑗)
�̿�



�̿�

𝑟𝑠𝑠 = (
𝐵𝑠
𝐴𝑠
)
𝐴𝑝=0
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𝑇21𝑇33 − 𝑇23𝑇31
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𝑟𝑠𝑝 = (
𝐵𝑝
𝐴𝑠
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𝐴𝑝=0
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𝐵𝑠
𝐴𝑝
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𝐵𝑠
𝐴𝑝
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𝑇11𝑇33 − 𝑇13𝑇31

�̿�(𝑗)

�̃�

𝑚𝑖 �̿�

𝑟�̃� �̃� �̃� �̃�
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2) .

(a) (b)

Ψ0

Φ0

𝑦

𝑧

EA

𝑥
Φ0

𝑦

𝑧

EA

𝑥

Ψ0



�̃�

𝐾1
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𝑑𝐵5/𝑑(𝜇0𝐻)

𝐻

𝐽



ℋ = −
1

2
∑ ∑𝐽 𝑺𝑖 · 𝑺𝑗

𝑁𝑠

𝑗=1𝑖∈𝒩1(𝑗)

−
1

2
∑ ∑𝑫𝑖𝑗 · (𝑺𝑖 × 𝑺𝑗)

𝑁𝑠

𝑗=1𝑖∈𝒩1(𝑗)

−∑𝑘1(ê · 𝑺𝑗)
2

𝑁𝑠

𝑗=1

−∑𝑘𝑑(ẑ · 𝑺𝑗)
2

𝑁𝑠

𝑗=1

−∑𝓱 · 𝑺𝑗

𝑁𝑠

𝑗=1

 , 

𝑺𝑗

𝒩1(𝑗)

𝑘1 ê

𝑘𝑑 𝓱

−
1

2
∑ ∑𝑫𝑖𝑗 · (𝑺𝑖 × 𝑺𝑗)

𝑁𝑠

𝑗=1𝑖∈𝒩1(𝑗)

= −
1

2
∑ ∑(𝑫𝑖𝑗 × 𝑺𝑖) · 𝑺𝑗

𝑁𝑠

𝑗=1𝑖∈𝒩1(𝑗)

ℋ = −∑𝑯𝑗
𝒆𝒇𝒇
· 𝑺𝑗

𝑁𝑠

𝑗=1

𝑯𝑗
𝑒𝑓𝑓
=
1

2
 𝐽 ∑ 𝑺𝑖
𝑖∈𝒩1(𝑗)

+
1

2
∑ (𝑫𝑖𝑗 × 𝑺𝑖)

𝑖∈𝒩1(𝑗)

+ 𝑘1(𝑺𝑗 · ê) ê + 𝑘𝑑(𝑺𝑗 · ẑ) ẑ + 𝓱 .

𝑯𝑗
𝑒𝑓𝑓



𝑺𝑖 = (cosΦ𝑖 cosΨ𝑖 , sinΦ𝑖 cosΨ𝑖 , sinΨ𝑖), 𝑖 = 1,2  .

ℋ =  −𝐽𝑺1 · 𝑺2 −𝑫12 · (𝑺1 × 𝑺2) − 𝑘1((ê · 𝑺1)
2 + (ê · 𝑺2)

2) .
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�̿�𝒊(𝜃𝑖) = (
cos2 𝜃𝑖 sin𝜃𝑖 cos𝜃𝑖

sin 𝜃𝑖 cos 𝜃𝑖 sin2 𝜃𝑖
)  (A. I. 1)

𝜃𝑖

�̿� = 𝑟𝑝 (
𝑟�̃� �̃�
−�̃� 1

) (A. I. 2)

�̃� �̃� = 𝜃𝐾 + 𝑖𝜖𝐾 𝜃𝐾 𝜖𝐾

�̿�𝟏 = (
0 0
0 1

) (A. I. 3) 

𝑬𝑹 = �̿� �̿�𝟏 𝑬𝒊𝒏 = 𝑟𝑝 (
𝑟�̃� �̃�
−�̃� 1

) (
0 0
0 1

)(
𝐸𝑖𝑛
𝑠

𝐸𝑖𝑛
𝑝 ) = 𝑟𝑝𝐸𝑖𝑛

𝑝
(
𝑟�̃� �̃�
−�̃� 1

) (
0
1
) = 𝑟𝑝𝐸𝑖𝑛

𝑝
 (
�̃�
1
) (A. I. 4)

𝛥

�̿�𝟐(𝜃2) = (
cos2 𝜃2 sin 𝜃2 cos 𝜃2

sin𝜃2 cos 𝜃2 sin2 𝜃2
)
sin𝜃 ≪1
⇒      (

1 𝜃2
𝜃2 0

) (A. I. 5)

𝑟𝑝𝐸𝑖𝑛
𝑝
(
1 𝜃2
𝜃2 0

) (
�̃�
1
) = 𝑟𝑝𝐸𝑖𝑛

𝑝
(
�̃� + 𝜃2
�̃�𝜃2

) (A. I. 6)



𝐼𝐷 = |𝑟𝑝𝐸𝑖𝑛
𝑝
|
2
(�̃�∗ + 𝜃2 �̃�∗𝜃2) (

�̃� + 𝜃2
�̃�𝜃2

)

=  |𝑟𝑝𝐸𝑖𝑛
𝑝
|
2
(|�̃�|2 + �̃�∗𝜃2 + �̃�𝜃2 + 𝜃2

2 + |�̃�|2𝜃2
2)  (A. I. 7)

|�̃�|2

𝐼𝐷 = |𝑟𝑝𝐸𝑖𝑛
𝑝
|
2
(2𝜃2Re(�̃�) + 𝜃2

2) = 𝜃2|𝑟𝑝𝐸𝑖𝑛
𝑝
|
2
(2𝜃𝐾 + 𝜃2) (A. I. 8)

𝛿𝐼

𝐼
= 2

𝐼𝐷(�̃�) − 𝐼𝐷(−�̃�)

𝐼𝐷(�̃�) + 𝐼𝐷(−�̃�)
 (A. I. 9)

𝐼𝐷(�̃�) + 𝐼𝐷(−�̃�) = 𝜃2|𝑟𝑝𝐸𝑖𝑛
𝑝
|
2
(2𝜃𝐾 + 𝜃2 − 2𝜃𝐾 + 𝜃2) = 2𝜃2

2|𝑟𝑝𝐸𝑖𝑛
𝑝
|
2
(A. I. 10. a)

𝐼𝐷(�̃�) − 𝐼𝐷(−�̃�) = 𝜃2|𝑟𝑝𝐸𝑖𝑛
𝑝
|
2
(2𝜃𝐾 + 𝜃2 + 2𝜃𝐾 − 𝜃2) = 4𝜃2θK|𝑟𝑝𝐸𝑖𝑛

𝑝
|
2
(A. I. 10. b)

𝛿𝐼

𝐼
= 2

4𝜃2𝜃𝐾|𝑟𝑝𝐸𝑖𝑛
𝑝
|
2

2𝜃2
2|𝑟𝑝𝐸𝑖𝑛

𝑝
|
2 =

4𝜃𝐾
𝜃2
 (A. I. 11)

𝜃𝐾 =
𝜃2
4
 
𝛿𝐼

𝐼
  (A. I. 12)



 

�̿�𝒊 𝜃𝑖

�̿�𝒊(𝜃𝑖) = (
cos2 𝜃𝑖 sin 𝜃𝑖 cos 𝜃𝑖

sin𝜃𝑖 cos 𝜃𝑖 sin2 𝜃𝑖
) (A. II. 1)

�̿� = 𝑟𝑝 (
𝑟�̃� �̃� + �̃�

−�̃� + �̃� 1 + �̃�
) (A. II. 2)

𝐸𝐼 = (
𝑎
𝑏
) (A. II. 3)

𝑃1

𝑃2

𝐸𝐹 = �̿�𝟐 �̿� �̿�𝟏 𝐸𝐼 (A. II. 4)

𝑃1 𝑃2

�̿�𝟐 �̿� �̿�𝟏 = 𝑟𝑝 (
𝐴 𝐵
𝐶 𝐷

) (A. II. 5)

𝐴 = 𝐹 cos 𝜃1 cos 𝜃2   (A. II. 6. a) 

𝐵 = 𝐹 sin 𝜃1 cos𝜃2    (A. II. 6. b) 

𝐶 = 𝐹 cos𝜃1 sin𝜃2    (A. II. 6. c) 

𝐷 =  𝐹 sin𝜃1 sin 𝜃2   (A. II. 6. d)

𝐹 =  𝑟�̃� cos𝜃1 cos 𝜃2 + (�̃� + �̃�) sin𝜃1 cos 𝜃2 + (−�̃� + �̃�) cos 𝜃1 sin𝜃2

+ (1 + �̃�) sin 𝜃1 sin 𝜃2   (A. II. 7)

𝑃2



𝐼𝐹 = 𝐸𝐹
∗  𝐸𝐹 = 𝑟𝑝

2(𝐴∗𝑎∗ + 𝐵∗𝑏∗ 𝐶∗𝑎∗ + 𝐷∗𝑏∗) (
𝐴𝑎 + 𝐵𝑏
𝐶𝑎 + 𝐷𝑏

) = 𝑟𝑝
2𝐺|𝐹|2  (A. II. 8)

𝐺 = |𝑎|2 cos2 𝜃1 + |𝑏|
2 sin2 𝜃1 + (𝑎

∗𝑏 + 𝑎𝑏∗) cos𝜃1 sin𝜃1   (A. II. 9)

𝐼𝐷 = 𝐼𝐹 + 𝐼0̃  (A. II. 10)

𝐼0̃

�̃�(−𝑴) =  −�̃�(𝑴)  (A. II. 11. a) 

�̃�(−𝑴) =  −�̃�(𝑴)  (A. II. 11. b) 

�̃�(−𝑴) =  −�̃�(𝑴)   (A. II. 11. c) 

𝛿𝐼

𝐼
=

𝐼𝐷(𝑴) − 𝐼𝐷(−𝑴)

1
2 (
𝐼𝐷(𝑴) + 𝐼𝐷(−𝑴))

= 2
𝑟𝑝
2𝐺 ( |𝐹(�̃�, �̃�, �̃�)|

2
−  |𝐹(−�̃�,−�̃�,−�̃�)|

2
)

𝑟𝑝
2𝐺 ( |𝐹(�̃�, �̃�, �̃�)|

2
+  |𝐹(−�̃�,−�̃�,−�̃�)|

2
) + 2𝐼0̃

 (A. II. 12)

|𝐹(�̃�, �̃�, �̃�)|
2

|𝐹(�̃�, �̃�, �̃�)|
2
= |𝑟�̃�|

2 cos2 𝜃1 cos
2 𝜃2 + 𝑟�̃�

∗(�̃� + �̃�) cos 𝜃1 sin𝜃1 cos
2 𝜃2

+ 𝑟�̃�
∗(−�̃� + �̃�) cos2 𝜃1 cos 𝜃2 sin𝜃2 + 𝑟�̃�

∗(1 + �̃�) cos 𝜃1 sin𝜃1 cos 𝜃2 sin𝜃2

+ |�̃� + �̃�|2 sin2 𝜃1 cos
2 𝜃2 + 𝑟�̃�(�̃�

∗ + �̃�∗) cos𝜃1 sin𝜃1 cos
2 𝜃2

+ (�̃�∗ + �̃�∗)(−�̃� + �̃�) cos 𝜃1 sin𝜃1 cos 𝜃2 sin𝜃2

+ (�̃�∗ + �̃�∗)(1 + �̃�) sin2 𝜃1 cos 𝜃2 sin𝜃2 + |−�̃� + �̃�|
2 cos2 𝜃1 sin

2 𝜃2

+ 𝑟�̃�(−�̃�
∗ + �̃�∗) cos2 𝜃1 cos 𝜃2 sin𝜃2

+ (−�̃�∗ + �̃�∗)(�̃� + �̃�) cos 𝜃1 sin𝜃1 cos 𝜃2 sin𝜃2

+ (−�̃�∗ + �̃�∗)(1 + �̃�) cos 𝜃1 sin𝜃1 sin
2 𝜃2 + |1 + �̃�|

2
sin2 𝜃1 sin

2 𝜃2

+ 𝑟�̃�(1 + �̃�
∗) cos 𝜃1 sin𝜃1 cos 𝜃2 sin𝜃2

+ (�̃� + �̃�)(1 + �̃�∗) sin2 𝜃1 cos 𝜃2 sin 𝜃2

+ (−�̃� + �̃�)(1 + �̃�∗) cos𝜃1 sin𝜃1 sin
2 𝜃2   (A. II. 13)



�̃�, �̃�, �̃� ≪ 𝑟�̃� �̃� �̃� �̃� 

|𝐹(�̃�, �̃�, �̃�)|
2
−  |𝐹(−�̃�,−�̃�,−�̃�)|

2

= 2 𝑟�̃�
∗(�̃� + �̃�) cos 𝜃1 sin𝜃1 cos

2 𝜃2 + 2 𝑟�̃�
∗(−�̃� + �̃�) cos2 𝜃1 cos 𝜃2 sin𝜃2

+ 2 𝑟�̃�
∗�̃� cos𝜃1 sin 𝜃1 cos𝜃2 sin 𝜃2 + 2 𝑟�̃�(�̃�

∗ + �̃�∗) cos 𝜃1 sin 𝜃1 cos
2 𝜃2

+ 2(�̃�∗ + �̃�∗) sin2 𝜃1 cos 𝜃2 sin𝜃2 + 2 𝑟�̃�(−�̃�
∗ + �̃�∗) cos2 𝜃1 cos 𝜃2 sin𝜃2

+  2(−�̃�∗ + �̃�∗) cos 𝜃1 sin𝜃1 sin
2 𝜃2 + 2 𝑟�̃��̃�

∗ cos 𝜃1 sin𝜃1 cos 𝜃2 sin𝜃2

+  2(�̃� + �̃�) sin2 𝜃1 cos 𝜃2 sin 𝜃2 + 2(−�̃� + �̃�) cos 𝜃1 sin 𝜃1 sin
2 𝜃2

+ 4Re(�̃�) sin2 𝜃1 sin
2 𝜃2   (A. II. 14)

|1 + �̃�|
2
− |1 − �̃�|

2
= (1 + Re(�̃�))

2
+ (Im(�̃�))

2
− (1 − Re(�̃�))

2
− (Im(�̃�))

2

= 4Re(�̃�)  (A. II. 15)

1

2
(|𝐹(𝛼, 𝛽, 𝛾)|2 +  |𝐹(−𝛼,−𝛽,−𝛾)|2)

= |𝑟�̃�|
2 cos2 𝜃1 cos

2 𝜃2 + 𝑟�̃�
∗ cos 𝜃1 sin 𝜃1 cos 𝜃2 sin 𝜃2 + sin

2 𝜃1 sin
2 𝜃2

+ 𝑟�̃� cos𝜃1 sin𝜃1 cos 𝜃2 sin𝜃2  (A. II. 16)

|1 + �̃�|
2
+ |1 − �̃�|

2
= (1 + Re(�̃�))

2
+ (Im(�̃�))

2
+ (1 − Re(�̃�))

2
+ (Im(�̃�))

2

= 2 + 2|�̃�|
2
   (A. II. 17)

2|�̃�|
2

(A. II. 12)

𝛿𝐼

𝐼
= 4

𝐵1𝑓1 + 𝐵2𝑓2 + 𝐵3𝑓3 + 𝐵4𝑓4 + 𝐵5𝑓5 + 𝐵6𝑓6

𝑓3 + 𝐵7𝑓7 + 2𝐵8𝑓4 +
2𝐼0̃
𝑟𝑝
2𝐺

 (A. II. 18)

𝑓1,5 (𝜃1, 𝜃2) = sin
2(𝜃1) sin(𝜃2) cos(𝜃2) ∓ sin

2(𝜃2) sin(𝜃1) cos(𝜃1)  (A. II. 19. a)

𝑓2,6 (𝜃1, 𝜃2) = cos
2(�̃�2) sin(�̃�1) cos(�̃�1) ∓ cos

2(�̃�1) sin(�̃�2) cos(�̃�2) (A. II. 19. b)

𝑓3 (𝜃1, 𝜃2) = sin
2(𝜃1) sin

2(𝜃2) (A. II. 19. c)



𝑓4 (𝜃1, 𝜃2) = sin(𝜃1) cos(𝜃1) sin(𝜃2) cos(𝜃2) (A. II. 19. d)

𝑓7 (𝜃1, 𝜃2) = cos
2(𝜃1) cos

2(𝜃2) (A. II. 19. e)

𝐵1 = Re(�̃�)  (A. II. 20. a) 𝐵2 = Re(𝑟�̃��̃�
∗)  (A. II. 20. b)

𝐵3 = Re(�̃�) (A. II. 20. c) 𝐵4 = Re(𝑟�̃��̃�
∗) (A. II. 20. d)

𝐵5 = Re(�̃�) (A. II. 20. e) 𝐵6 = Re(𝑟�̃��̃�
∗) (A. II. 20. f)

𝐵7 = |𝑟�̃�|
2 (A. II. 20. g) 𝐵8 = Re(𝑟�̃�) (A. II. 20. h)

𝐺

𝜃1

𝐸𝐼

𝑎 =
1

√2
,       𝑏 =

𝑖

√2
      (A. II. 21) 

  𝐺 =
1

2

𝛿𝐼

𝐼
= 4

𝐵1𝑓1 + 𝐵2𝑓2 + 𝐵3𝑓3 + 𝐵4𝑓4 + 𝐵5𝑓5 + 𝐵6𝑓6
𝑓3 + 𝐵7𝑓7 + 2𝐵8𝑓4 + 𝐼0 

 (A. II. 22)

𝐼0 = 4
𝐼0̃

𝑟𝑝
 

𝜃1 𝜃2 Δ𝜃1 Δ𝜃2

𝑓𝑖, 𝑖 = 1, 2, … , 8 𝜃1

𝜃1 − Δ𝜃1 𝜃2 𝜃2 − Δ𝜃2



ℱ

𝑉
=  −𝜇0𝐻𝑀𝑠 cos(Φ𝑀) − �̃�1 cos

2(Φ0 −Φ𝑀) − �̃�2 cos
4(Φ0 −Φ𝑀)  (A. III. 1)

Φ𝑀 Φ0

�̃�1 𝐾2 𝑀𝑠

𝐻 ℱ 𝑉⁄

𝑯𝒆𝒇𝒇

𝑀𝐸𝐴 = 𝑀𝑠𝑚𝐸𝐴 = 𝑀𝑠 cosΦ𝑀  (A. III. 2. a)

𝑀𝐻𝐴 = 𝑀𝑠𝑚𝐻𝐴 = 𝑀𝑠 sinΦ𝑀  (A. III. 2. b)

𝑯𝒆𝒇𝒇

𝐻𝐸𝐴
𝑒𝑓𝑓
= 𝐻 cosΦ0 + 2�̃�𝐾1𝑚𝐸𝐴 + 4�̃�𝐾2𝑚𝐸𝐴

3  (A. III. 3. a)

𝐻𝐻𝐴
𝑒𝑓𝑓
= 𝐻 sinΦ0  (A. III. 3. b)

�̃�𝐾1 =
�̃�1

𝜇0𝑀𝑠
�̃�𝐾2 =

�̃� 

𝜇0𝑀𝑠

𝑴 𝑯𝒆𝒇𝒇 𝑚𝐸𝐴
2 +𝑚𝐻𝐴

2 = 1

𝑚𝐸𝐴 =
𝐻𝐸𝐴
𝑒𝑓𝑓

𝐻𝑒𝑓𝑓
 (A. III. 4. a)

𝑚𝐻𝐴 =
𝐻𝐻𝐴
𝑒𝑓𝑓

𝐻𝑒𝑓𝑓
 (A. III. 4. b) 



𝐻𝑒𝑓𝑓 = √(𝐻𝐸𝐴
𝑒𝑓𝑓
)
2
+ (𝐻𝐻𝐴

𝑒𝑓𝑓
)
2
 (A. III. 5)

𝑀𝐻 = 𝑀𝑠(𝑚𝐸𝐴 cosΦ0 +𝑚𝐻𝐴 sinΦ0)  (A. III. 6)

𝑀𝑠, �̃�1 �̃�2 𝑀𝐻

𝐻 Φ0

𝑀𝐻 𝐻 Φ0

𝑀𝑠, �̃�1 �̃�2

𝑀𝑠, �̃�1 �̃�2 𝑀𝐻(Φ0, 𝐻)



 

 

 

 

 

 

 

 

 

 

 

 

 
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