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The effect of structure relaxation on the potential energy surface (PES) of the interlayer interaction of twisted
graphene bilayer is studied for a set of commensurate moiré systems using the registry-dependent empirical
potential of Kolmogorov and Crespi. It is found that the influence of structure relaxation on the amplitude
of PES corrugations (determining static friction) depends on the unit cell size (or related twist angle) of the
moiré system. For moiré systems with the smallest unit cells, the amplitudes of PES corrugations calculated
with and without account of structure relaxation are approximately the same. However, for large unit cell sizes,
the structure relaxation can lead to an increase of PES corrugations by orders of magnitude. This means that
structure relaxation can provide the main contribution to the static friction of a superlubric system under certain
conditions (such as the contact size and twist angle). Moreover, the change of the PES type because of structure
relaxation from a trigonal lattice of maxima to a trigonal lattice of minima is observed for systems with the
moiré patterns (5,1) and (5,3). Based on the results obtained, possible crossovers between static friction modes
taking place upon changing the twist angle in a macroscopic superlubric system consisting of identical layers
are discussed. Additionally, it is shown that the PES for relaxed structures can still be approximated by the first

Fourier harmonics compatible with symmetries of twisted layers analogously to the PES for rigid layers.
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I. INTRODUCTION

Incommensurability makes possible the relative motion of
surfaces with extremely low friction [1,2]. This phenomenon,
referred to as structural superlubricity, has been actively stud-
ied in recent years for systems based on graphene, hexagonal
boron nitride, and other two-dimensional (2D) materials (see,
for example, [3] for a review). In the present paper, we study
the influence of structure relaxation on the area contribution
into static friction of macroscopic superlubric systems by the
example of twisted graphene bilayers.

First structural superlubricity was detected for graphene
flakes at a probe tip sliding on graphite [4—6]. Since then, a
large number of atomistic simulations have been performed
to get insight into the tribological properties of superlu-
bric systems with a small contact area in which the rim
or edge contribution to static friction is dominant, e.g., a
graphene flake on graphene or a graphite surface [4,6-22].
Note that in systems with the contact between the same 2D
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materials without tension, superlubricity can be lost via the
rotation of the layers to the commensurate relative orientation
[1,6,7,9-12,14].

Robust superlubricity has been recently achieved for
systems with a lattice mismatch, such as heterostructures
composed of layers of different 2D materials [23] or lay-
ers of the same 2D material under different applied tension
[24,25]. For such systems, relative rotation of the layers to
the commensurate configuration accompanied by the loss of
superlubricity is not possible. It has also been proposed that
macroscopic robust superlubricity might be observed for su-
perlubric systems with commensurate moiré patterns due to
the existence of a barrier for rotation of the layers to the fully
incommensurate relative orientation [26]. Recent experiments
[27-30] and theoretical studies [8,17,31-33] suggest that the
static friction force per unit area decreases for superlubric
systems upon increasing the contact area. Therefore, it is
important to analyze possible sources of static friction at
macroscale incommensurate interfaces, or in other words, the
reasons for the restriction of macroscopic structural superlu-
bricity [3,8,19,26,33-38].

Up to now, the following contributions to static friction
in 2D systems with macroscopic robust superlubricity have
been studied: (i) incomplete cancellation of static friction
forces within full unit cells of a commensurate moiré pattern
(area contribution) [8,26], (ii) forces coming from partial unit
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cells in the rim area of one of the layers (rim contribution),
[8,30] (iii) friction induced by grain boundaries [34] and
atomic-scale defects [34-36], (iv) motion of domain walls in
superstructures formed upon relaxation of moiré patterns with
spatial periods that are much greater than the domain-wall
width [3,33,37], and (v) deformation of 2D layers related to
interaction with a substrate [38]. The contribution of atomic-
scale defects into static friction has also been investigated
for superlubric relative sliding and rotation of nanotube walls
[12,39,40]. Also worth mentioning are studies of atomistic
mechanisms of dynamic friction in macroscopic 2D superlu-
bric systems [23,33,41,42].

Previously, it has been reported that structure relaxation
strongly affects static friction in superlubric systems with a
finite contact area in which the edge or rim area contribu-
tion into static friction is dominant [9,14,15,18,24]. However,
tribological properties of infinite superlubric systems related
to cancellation of static friction forces within complete unit
cells of commensurate moiré patterns of graphene bilayer
[8,26,35,36] and double-walled carbon nanotubes [39,43,44]
have been considered only for rigid structures of the layers.
Here we propose that structure relaxation can lead to a sig-
nificant increase of the area contribution to static friction, and
thus it can restrict the superlubricity in macroscopic 2D super-
lubric systems. To prove this statement, we study the effect of
structure relaxation on static friction by the example of infinite
twisted graphene bilayers with commensurate moiré patterns.

The static friction of 2D systems is determined by the
potential energy surface (PES), which is the dependence
of the potential energy on the relative in-plane displace-
ment of 2D layers. Such PESs are calculated here with and
without account of structure relaxation using the registry-
dependent Kolmogorov—Crespi potential [45]. We investigate
the influence of structure relaxation on the amplitude of PES
corrugations, i.e., the difference between maximum and mini-
mum values of the energy, and the dependence of this effect on
the size of the unit cell of commensurate moiré patterns and
the related twist angle. The calculations performed provide
insight into the crossovers between static friction modes that
occur when the twist angle is changed.

The PESs of interlayer interaction for layered 2D ma-
terials with commensurate layers aligned in the same or
opposite directions are universally described by the first spa-
tial Fourier harmonics compatible with symmetries of the
both layers [46]. This hypothesis has been confirmed by PES
calculations for a wide set of 2D materials [46-53], 2D
heterostructures [54-56] and commensurate double-walled
carbon nanotubes [39,57-61]. Moreover, we showed recently
that the first Fourier harmonics are also sufficient for a de-
scription of the PES for twisted layers forming an infinite
commensurate moiré pattern [26]. Here we demonstrate that
structure relaxation does not affect the accuracy of this ap-
proximation even in the cases when it causes changes in the
amplitude of PES corrugations by orders of magnitude.

The paper is organized as follows. In Sec. II, we describe
the atomic model of twisted graphene bilayer and compu-
tational methods. In Sec. III, we present the results of the
influence of structure relaxation on superlubricity and PES ap-
proximation by first Fourier harmonics. Section IV is devoted
to a discussion and conclusion.

FIG. 1. A scheme of the commensurate moiré pattern (2,1) of
a twisted graphene bilayer. Lattice vectors a; and a, of the bottom
graphene layer and a) and a) of the top layer, lattice vectors L;
and L, of the commensurate moiré pattern, angle ¢ between the
lattice vector a; of the bottom layer and lattice vector L; of the
commensurate moiré pattern, and twist angle 6 of relative rotation
of the graphene layers are indicated.

II. METHODOLOGY

A. Model of infinite twisted graphene bilayer

Modeling of macroscopic superlubricity using atomistic
methods is not an easy task. On the one hand, atomistic
simulations of infinite incommensurate superlubric systems
are not possible because such systems do not satisfy periodic
boundary conditions. On the other hand, structure relaxation
related to interlayer interaction occurs near edges of 2D layers
in a different manner than far from the edges. The region
close to the edge of a width of about 10 nm is reconstructed
[62]. The account of structure relaxation in atomistic sim-
ulations implies an increase of the computational time by
orders of magnitude. All these factors make it difficult to
calculate the whole PES with account of structure relaxation
for incommensurate superlubric systems with edges and sizes
that correspond to macroscopic superlubricity even using em-
pirical classical potentials. Thus, a twisted graphene bilayer
with a commensurate moiré pattern (that satisfies the periodic
boundary conditions) is a preferred model for our atomistic
studies of macroscopic superlubricity. This model has already
been used to investigate the restriction of structural superlu-
bricity by atomic-scale defects [35,36].

A commensurate moiré pattern (n;,n;) of a twisted
graphene bilayer is defined by coprime indexes n; and n, [63].
The commensurate moiré pattern (2,1) is shown in Fig. 1;
lattice vectors of graphene a; and a, of the bottom layer and
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a} and a), of the top layer, and the moiré pattern unit cell are
indicated. For each commensurate moir€ pattern (n;, ny) there
is a twin pattern (n}, n}) with the same size of the unit cell
[63,64]. Considering pairs of indexes of twin moiré patterns,
(n; — ny)/3 is not integer for the smaller indexes and integer
for the greater ones. Pairs of twin moiré patterns with the same
size of the pattern unit cell and with different symmetry have
been considered as different in the original work [63]. Lately,
it has been shown that twin commensurate moiré patterns can
be obtained one from the other by a translation of one of the
layers in the layer plane [26]. Therefore, twin commensurate
moiré patterns have the same PES, and only patterns with
smaller indexes [(n; — ny)/3 is not integer] are considered
here.

In this case, the unit cell of the commensurate moiré pattern
(ny, np) is determined by the lattice vectors L; and L, as

L =ma; + may, Ly = —ma;+ (n +ny)ay,
where the length of the lattice vectors is L = |L;| = |L,| =
a,/n? 4+ niny + n3. The twist angle 6 of relative rotation of
graphene layers (that is, the angle between the vectors a; and
a)) is determined by

n% +4niny + n%

0 = .
08 2(n% +niny + n%)

The angle ¢ between the lattice vector a; of the bottom
graphene layer and the lattice vector of the commensurate
moiré pattern L; is given by

0

—30°— 2.
¢ 2

The angles 6 and ¢ are indicated in Fig. 1. The area of the
unit cell of the moiré pattern (n;, ny) can be computed as

V3d? (n% + niny + n%)

2 9
where N, = n% +niny + n% is the number of graphene unit
cells per the moiré€ pattern unit cell, S, = V/3a%/2 is the area

of the graphene unit cell, and a = |a;| = |a,| is the lattice
constant of graphene.

S =S8N, =

B. Computational details

Both the amplitude of PES corrugations and the PES pe-
riod are small for twisted layers, and they decrease fast upon
increasing the size of the moiré pattern unit cell [7,8,26,36].
This means that very high energy and spatial resolution are
needed for studies of PESs of twisted layers. Such calculations
using ab initio methods would have a huge computational cost
even for moiré patterns with small unit cell sizes. An alterna-
tive is to use classical potentials. Although we cannot expect
them to be quantitatively accurate, and they might suffer from
multiple local minima that can hinder getting to the global
energy minimum when optimizing the structure geometry,
classical potentials make possible qualitative studies of PESs
for several sizes of moiré pattern unit cells at a moderate
computational cost [26]. Following our previous work [26]
devoted to infinite superlubric systems with rigid layers, we
use here the registry-dependent Kolmogorov—Crespi classical

potential [45] as implemented in LAMMPS [65]. (A detailed
discussion on existing classical potentials for the description
of interaction between graphene layers is presented in [26]).
Note that currently there are no experimental data characteriz-
ing the physical properties of twisted graphene layers that can
be used to verify the adequacy of existing classical potentials
for the description of such systems. Thus, the aim of the
present study is to determine only the qualitative influence of
structure relaxation on the tribological properties of superlu-
bric systems consisting of twisted layers.

The amplitude of PES corrugation exceeds the accuracy
of the PES calculation using the Kolmogorov—Crespi poten-
tial for rigid graphene layers only for five commensurate
moiré patterns (2,1), (3,1), (3,2), (5,1), and (5,3) [26]. The
calculations have been performed for these five commensu-
rate moiré patterns under the periodic boundary conditions.
The cutoff radius of the potential of 16 A was used for the
moiré patterns (2,1), (3,1), and (3,2), and 70 A was used
for the moiré patterns (5,1) and (5,3). The height of the
simulation cell was 100 A for all the moiré patterns. The
lateral sizes of the simulation cell in the units of the moiré
pattern unit cells for the considered moir€ patterns are listed in
Table I.

The interaction between atoms within the graphene layers
was described using the second-generation Brenner (REBO-
2002) potential [66]. A bond length of 1.42039 A, which is
optimal for graphene according to the REBO-2002 potential,
was used to build the structures of twisted layers. The PESs for
rigid layers were computed at the optimal interlayer distance
for each moiré pattern (Table II), which was obtained by
the calculation of the energy dependence on the interlayer
distance. The structure optimization was performed using the
Polak—Ribiere version [67] of the conjugate gradient algo-
rithm [68]. The optimization was stopped when the energy
change between successive iterations divided by the energy
magnitude was less than 10—, or when forces on all atoms
were smaller than 1015 eV/atom.

To compute the PES, we need to apply constraints that
would keep the system away from the energy minimum. In
the present paper, we consider two types of constraints that
allow us to gain insight into the potential energy dependence
on the local stacking of twisted layers. In the first case, the
in-plane positions of all atoms of the layers are fixed, but
atoms can relax out of the plane. Such a constraint reveals the
contribution of out-of-plane relaxation to the PES. To estimate
how in-plane displacements affect the PES, we also consider
the case when in-plane positions are fixed only for one atom
of the bottom layer and one atom of the top layer, while the
rest of the atoms are free. A constrained atom in the bottom
layer is chosen close to the simulation box vertex and the other
one in the top layer close to the middle of the simulation box.
We have checked that the choice of constrained atoms has a
negligible effect on the PES shape and amplitude as long as
the atoms are sufficiently separated [the relative changes in
the PES amplitude for different choices of atom pairs vary
within 0.0005% for the moiré patterns (2,1) and (3,2)]. Since
only two atoms per supercell are constrained, the majority of
moiré unit cells in the supercell can relax freely.

Examples of PESs for the commensurate moiré pat-
terns (2,1) and (3,1) calculated with account of out-of-plane
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TABLE . Angle 0 of relative rotation of graphene layers, number N, of graphene unit cells per the moiré pattern unit cell, lateral simulation
cell size in units of moiré pattern unit cells, calculated amplitude AU,,,x of PES corrugations and barrier AU, to relative sliding of the layers
(both in ueV per atom of the top layer) for commensurate moiré patterns (n;, n, ) with rigid graphene layers, and layers relaxed with constraints
on in-plane positions of all atoms and only two atoms in the simulation cell.

Relaxation with two atoms

Rigid layers Out-of-plane relaxation constrained
(ny,ny) 6 (degrees) N, Cellsize AUpax AU AUpax AU, AUax AU,
2,1) 21.787 7 6x6 87.7 75.4 94.6 81.9 93.8 81.1
A3,1) 32.204 13 5x%5 20.6 2.29 20.4 2.26 20.4 2.27
3.,2) 13.174 19 4x4 1.87 0.208 4.83 0.538 4.20 0.467
5,1) 42.103 31 12x12 4.72x1073 5.25x10~* 8.68x1072 7.72x1072 5.79x 1072 5.15x1072
5,3) 16.426 49  10x10 <8.17x1077 1.20x 1072 1.06x 1072 7.45%x1073 6.62x1073

relaxation are shown in Figs. 2(a) and 2(b), respectively. The
initial stacking of layers (x,y) = (0, 0) corresponds to the
in-plane relative rotation of the layers by the angle 6 around
the vertical axis, which passes through one atom in each of
the layers. Two types of PESs have been found for graphene
bilayers with commensurate moiré patterns [26]. On PESs
of the first type, minima are located in vertices of a trigo-
nal lattice, while maxima are aligned on a hexagonal lattice
[Fig. 2(a)]. The opposite takes place for PESs of the second
type [Fig. 2(b)]. The stacking with (x, y) = (0, 0) corresponds
to a maximum for PESs of the first type and a minimum for
PESs of the second type. The lattice vectors 1; and 1, of the
PES of the graphene bilayer with the commensurate moiré
pattern are directed along the lattice vectors L; and L, of the
commensurate moiré pattern, respectively, and have the length
[1;] = |lz] = L/N,. (see Sec. III B). Thus, the unit cell of each
of the graphene layers corresponds to N, unit cells of the PES,
and the unit cell of the commensurate moiré pattern contains
N? complete unit cells of the PES.

Note that the PES symmetry is related to the symmetry
of the commensurate moiré pattern so that singular points
of the PES (minima, maxima, and saddle points) correspond
to high-symmetry stackings of the layers. Such stackings are
known without calculation of the potential energy. Because
the positions of the extrema on the PES are determined by
the system symmetry, these positions are not changed during
structure relaxation. Since the calculations of the full PESs
with account of structure relaxation for all the considered
moiré patterns would require a significant amount of com-
putational time, for most of them we have computed only

dependences of the potential energy on the relative displace-
ment of the layers (PES profiles) along the line segment AB
connecting two equivalent extrema and passing additionally
through a minimum, maximum, and saddle point (Fig. 2).
Such a segment has the length +/3/ and is directed along the
diagonal of the commensurate moiré pattern unit cell. The
structure relaxation was performed for 102 equidistant points
within the segment.

III. RESULTS

A. Influence of structure relaxation

The potential energy as a function of the relative displace-
ment r/l of the layers along the segment AB for twisted
graphene bilayers with commensurate moiré patterns (2,1),
3,1),(3,2), and (5,1) is shown in Figs. 2(c)-2(f). As discussed
below in Sec. III B, the PES of a graphene bilayer with a com-
mensurate moiré pattern can be approximated by first Fourier
harmonics with high accuracy. This means that the PES shape
is nearly the same for different commensurate moiré patterns
with the same type of PES, and the whole PES is charac-
terized by a single energy parameter. Since static friction of
superlubric systems is determined by PES corrugations, the
amplitude AU« of such corrugations can be used to compare
the influence of structure relaxation on this physical property
for different commensurate moiré patterns (the relation be-
tween the PES and static friction force is discussed below in
Sec. III B). Here we define this amplitude, which we use as a
single energy parameter describing the PES and static friction,
as the difference between the maximum and minimum values

TABLE II. Calculated optimal interlayer distance dp;, (in A) for commensurate moiré patterns (n;, n,) with rigid graphene layers, layers
relaxed with constraints on in-plane positions of all atoms and only two atoms in the simulation cell, difference Ad (in A) between maximum
and minimum average interlayer distances for relaxed bilayers, and minimum and maximum corrugations b (in A) of the layer plane for relaxed
bilayers (difference between maximum and minimum z-coordinate of atoms within one layer).

Rigid layers Out-of-plane relaxation Relaxation with two atoms constrained
(nl 5 nz) dmin dmin Admax bmin bmax dmin Admax bmin bmax
2,1) 3.458748 3.456689 2.70x1073 0.00557 0.00911 3.456537 2.67x1073 0.00560 0.00911
(3,1) 3.460108 3.458742 5.27x107* 0.00395 0.00413 3.458601 531x1074 0.00393 0.00477
3,2) 3.460268 3.455295 1.71x10~* 0.0313 0.0389 3.454830 1.40x10~* 0.0313 0.0390
5,1) 3.460235 3.457536 <7.42x107° 0.0152 0.0163 3.457280 <3.38x107° 0.0153 0.0165
(5,3) 3.460236 3.457005 <3.27x107° 0.0200 0.0217 3.456702 <1.74%x10°° 0.0201 0.0218
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FIG. 2. (a), (b) Potential energy U of interlayer interaction (per atom of the top layer) of twisted graphene bilayers as a function of the
relative displacement of the layers in the zigzag (x, in A) and armchair (y, in A) directions of the bottom layer calculated with account of
out-of-plane relaxation for commensurate moiré patterns (a) (2,1) and (b) (3,1) corresponding to the first and second types of the potential
energy surface (PES), respectively (see the text). The point (x,y) = (0, 0) corresponds to the stacking of the layers shown in Fig. 1. The
energy is given relative to the minimum. The unit cells of the PESs are shown as white diamonds, and / is the length of the PES lattice
vector. Segments AB are used to calculate the PES profiles. (c)—(f) Potential energy change AU = U — U(0, 0) as a function of the relative
displacement /! of the layers along the segment AB for twisted graphene bilayers with commensurate moiré patterns (c) (2,1), (d) (3,1), (e)
(3,2), and (f) (5,1) calculated for rigid layers (black lines), layers relaxed with constraints on in-plane positions of all atoms (red solid lines),

and only two atoms in the simulation cell (red dashed lines).

of the potential energy. The corresponding values of AUp,y
are listed in Table I.

As for the moiré pattern (5,3) with the largest considered
unit cell, the PES corrugations for rigid layers in this case
are rather small, and the PES shows significant fluctuations
related to calculation errors. Therefore, we can only provide
an upper estimate of AU,y (Table I). The account of struc-
ture relaxation, however, results in a significant increase of
the PES corrugations, and a smooth PES profile similar to
those (Fig. 2) for the moiré patterns with smaller unit cells
is obtained.

The dependence of the amplitude of PES corrugations on
the number N, of PES unit cells per a graphene unit cell is
shown in Fig. 3. This amplitude obtained in the calculations
for rigid layers declines nearly exponentially upon decreasing
the size of the PES unit cell or equivalently increasing the
size of the moiré pattern unit cell. The analogous exponential
decrease of the amplitude of PES corrugations upon increas-
ing the moiré pattern unit cell was found previously for rigid
finite graphene layers [7] for which the rim contribution is the
dominant one.

The calculations with account of structure relaxation for
both types of atomic constraints considered lead to the same
qualitative conclusion that the amplitude of PES corrugations

rapidly decreases upon increasing the size of the moiré pattern
unit cell (Fig. 3, Table I). However, the quantitative and even
qualitative characteristics of the PES can change significantly
as a result of structure relaxation depending on the size of the
moiré pattern unit cell. For two commensurate moiré patterns
(2,1) and (3,1) with the small size of the moiré pattern unit
cell, structure relaxation has a negligible effect on the PES.
However, for larger moiré pattern unit cells, the influence
of structure relaxation is much more prominent and it leads
to the increase of the amplitude of PES corrugations (and,
correspondingly, to the related increase of the static friction
force). This increase grows with the size of the moiré pattern
unit cell and reaches four orders of magnitude for the moiré
pattern (5,3) (Fig. 3). Moreover, for the moiré patterns (5,1)
and (5,3), the structure relaxation causes a change of the PES
type from the second type with a trigonal lattice of maxima
obtained for rigid layers to the first one with a trigonal lattice
of minima. Thus, the calculations performed here show that
structure relaxation can lead to a drastic increase of friction
in superlubric systems and needs to be taken into account in
studies of tribological properties.

The PES amplitudes obtained by relaxation of bilayers
with two types of atomic constraints are of the same order
of magnitude for all the moiré patterns considered (Table I).
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FIG. 3. Amplitude AU, (per atom of the top layer, circles,
left axis) of corrugations of the potential energy surface (PES) for
interlayer interaction of twisted graphene bilayers and the ratio
AU,;};X /AUnax (squares, right axis) of the amplitudes of PES cor-
rugations for relaxed and rigid layers as functions of the number N,
of PES unit cells per graphene unit cell. The results for rigid layers
are shown with filled symbols. The results with structure relaxation
with constraints on the in-plane positions of all atoms are shown with
open symbols and solid lines. The results with structure relaxation
with constraints applied to two atoms in the simulation cell are shown
with open symbols and dashed lines. Coprime indexes (1, n,) of the
commensurate moiré patterns are indicated.

For the moiré patterns (2,1) and (3,1) with the small size
of the moiré pattern unit cell, the relative difference in the
PES amplitudes for different types of constraints does not
exceed 0.8%. However, upon increasing the size of the moiré
pattern unit cell, the relative difference in the PES amplitudes
grows and reaches 38% for the moiré pattern (5,3). Still it can
be concluded that out-of-plane relaxation provides the major
contribution to differences in the PES for relaxed and rigid
layers for the considered sizes of the moiré pattern unit cell.

We also include in Table I the barrier AU, to relative
sliding of the layers that corresponds to the relative energy
of the PES saddle point with respect to the energy minima.
This barrier approximately equals 8 AUpa/9 for the PESs
of the first type and AUpna/9 for the PESs of the second
type. Similar to the amplitude AUy, of PES corrugations,
the barrier AU, decreases fast upon increasing the size of the
moiré pattern unit cell and changes in the same way as AUp,x
upon structure relaxation.

Structural changes associated with structure relaxation
have also been analyzed (Table II). The amplitude Adpax of
changes in the interlayer distance during the relative in-plane
displacement of the layers exponentially decreases upon in-
creasing the size of the moiré pattern unit cell, analogously
to the amplitude of PES corrugations. On the contrary, the
minimum and maximum values of corrugation of the layer
plane, by, and bp,y, grow upon increasing the size of the
moiré pattern unit cell. Note that the corrugation ranges are
virtually the same for two types of atomic constraints applied
during the relaxation. The differences in the optimal interlayer
distances d;, for different constraints are within 0.014%.

For small twist angles (i.e., large moiré pattern cells), the
relaxed structure of twisted bilayers consisting of identical
layers corresponds to commensurate domains separated by

Domain ' Area contribution ' Area contribution
wall with structure without structure
motion relaxation relaxation

| | 3
'

30

14 20
0 (degrees)

FIG. 4. A qualitative diagram of static friction modes of an infi-
nite twisted graphene bilayer with a commensurate moiré pattern for
different twist angles 6.

incommensurate domain walls [69-71] with a width of about
10 nm [69,72,73]. Thus, a further increase of the moiré pattern
cell (or a decrease of the twist angle) should lead to the
gradual crossover from the rather small structural changes
related to structure relaxation found here to the system of
commensurate domains [74]. The size L of the moiré pat-
tern unit cell is greater than the the domain wall width of
10 nm for the twist angle 6 < 1.4° [64]. For moiré patterns
with a smaller twist angle 6, static friction can be related to
the domain-wall motion. Such a motion has been observed
for graphene/h-BN heterostructure [33] and was proposed to
occur for graphene layers [42]. A study of static friction for
macroscopic systems of identical layers with a small twist
angle (and, correspondingly, a domain-wall network) needs
a principally different model for atomistic simulations, and,
therefore, it is beyond the scope of the present paper.

Since tribological properties of twisted bilayers consist-
ing of identical layers are determined by the contact size
D and twist angle 6, the (D-0) diagram has been used to
show the values of D and 6 corresponding to superlubric and
nonsuperlubric systems [20]. The analogous (D-¢€) diagram,
where € is the tensile strain, has also been considered for
coaligned graphene bilayer with one stretched layer [19].
These diagrams were presented for the contact size D up to
several tens of nanometers for which the rim contribution to
friction is dominant. The results on the influence of structure
relaxation on static friction obtained here allow us to speculate
regarding friction modes of macroscopic superlubric systems
corresponding to twisted bilayers consisting of identical lay-
ers in the limit D — oo in which the area contribution to static
friction is dominant for commensurate moiré patterns (Fig. 4).
Namely, we assume that for twisted graphene bilayer with
the twist angle close to the maximum value 6 = 30°, static
friction should be nearly the same as for rigid layers. For
the twist angle ~ 20°, the first crossover to the friction mode
related to the considerable influence of structure relaxation
should occur. Upon further decrease of the twist angle, struc-
ture relaxation becomes more and more important, and for the
twist angle 6 ~ 1.4°, the second crossover to the static friction
mode related to the motion of walls between commensurate
domains should take place.

B. Approximation of PES by first Fourier harmonics

For a variety of systems consisting of hexagonal layers
bound by van der Waals forces, the interlayer interaction PES
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TABLE III. Approximation parameter U; (in peV per atom of the top layer) and relative root-mean-square deviation ¢ calculated for
commensurate moiré patterns (n;, n,) with rigid graphene layers, layers relaxed with constraints on in-plane positions of all atoms and only
two atoms in the simulation cell for approximation of the potential energy surface using Eq. (1), as well as parameter d; (in A) and relative
root-mean-square deviation &, for approximation of the average interlayer distance change upon structure relaxation using Eq. (2).

Rigid layers Out-of-plane relaxation Relaxation with two atoms constrained
(n1, n2) U, 3 U, 3 dy €4 U, B dy €4
2,1 -19.9 1.5x1072 —21.4 1.1x1072  —6.08x10~* 9.6x1073 —21.6 2.1x1072  —6.22x10™* 2.9x1072
@3, 4.58 1.0x10~* 4.52 5.5x1073 1.17x10~%  2.1x1073 4.49 4.4x1073 1.16x10~*  9.2x1073
(3.2) 0.416 5.4x107* 1.07 2.8x107* 3.84x1075  8.1x1073 0.934 1.5x1073 3.12x1075  6.4x1073
5.1) 1.05x1073  38x107° —1.93x1072 54x107° —6.84x1077 25x107" —1.29x107%2 12x1073 —437x1077 2.3x107!
(5.3) N/A? N/A —2.66x1073  3.2x1073 N/A? N/A —1.66x1073  2.4x1073 N/A? N/A

#Not possible to check the adequacy of the approximation because the amplitude is smaller than or comparable to the noise in the calculation

results.

can be described by the first terms of the Fourier series expan-
sion. Examples of such systems include hexagonal boron ni-
tride (h-BN) [51,53], graphene [47-49,51,52], h-BN/graphene
heterostructure [54—56], hydrofluorinated graphene [46], and
double-layer graphene with an inert gas spacer [75]. Recently,
we found that the PES of interlayer interaction energy for
rigid layers forming a commensurate moiré pattern can also be
approximated by first Fourier harmonics [26]. Here we show
that in spite of the drastic influence of structure relaxation
on the amplitude of PES corrugations for the commensurate
moiré patterns, this approximation is valid with high accuracy
not only for rigid but also for relaxed structure of the layers.

As discussed in [26], for twisted honeycomb lattices the
PES is periodic with respect to translation along a lattice
vector of either of the two layers. Thus, only reciprocal vectors
representing overlapping vertices of reciprocal lattices of the
layers contribute to the PES Fourier transform. The reciprocal
lattices of twisted honeycomb layers create a moiré pattern
in the same way as real-space lattices of the layers create the
moiré pattern in real space. The contribution of first Fourier
harmonics to the PES, therefore, looks like [26]

SUX',y') = Ui[2cos ( ;y/)cos( 'x') + cos (Zk;y')]. (1

Here the x’ axis is aligned along one of the moiré pattern
vectors, the y' axis is aligned in the perpendicular direction
(X' =xcosp —ysing,y =ycosg +xsing), k.= /Ncky,
and k| = +/Ncky.

To check how well Eq. (1) describes the PES, we have ap-
proximated the computed dependences of the potential energy
on the displacement along the segment AB directed along
the y’ axis for bilayers with rigid layers and layers relaxed
with constraints applied to all or two atoms of the simulation
box. The parameter U; in Eq. (1) obtained by minimization of
the root-mean-square deviation, and the relative deviation ¢,
which is given by the root-mean-square deviation divided by
AUnax, are listed in Table III. Negative values of the param-
eter U; correspond to the first PES type [Fig. 2(a)], whereas
positive values correspond to the second one [Fig. 2(b)].

It is seen from Table III that the PES is approximated
well by Eq. (1) both for rigid and relaxed structures of the
layers. In most cases, the relative deviation decreases when
taking into account out-of-plane relaxation but increases when
in-plane atomic displacements are considered. This might be
related to the deficiency of how the relative displacement of

the layers is induced in the latter case. The fact that atoms
are not constrained in the same manner in the moiré unit cells
within the simulation box can give rise to nonlocal phenomena
and slightly different behavior of the moiré unit cells. Never-
theless, even in that case, the relative deviation for Eq. (1)
barely exceeds 2%.

It is interesting that structure relaxation maintains the PES
shape. Previously we approximated the PESs for these com-
mensurate moiré patterns with rigid structure of the layers on
a grid of points within the whole PES unit cell [26]. Those
approximations gave nearly the same values of the param-
eter U; with the difference from the values calculated here
within 1%. This confirms that the approximation along the
segment AB performed here is an adequate way to reproduce
the whole approximated PES. Note that in studies of other 2D
materials, the relative deviations of the approximated PESs
were about 3% for hydrofluorinated graphene [46], 1% for
graphene [48,49], 0.3% for graphene/h-BN heterostructure
[56] and 0.1-0.3% for h-BN [53].

Based on Eq. (1) for the approximated PESs, the expres-
sions for a set of physical quantities related with interlayer
interaction and including the barrier for relative rotation of
commensurate twisted layers to an incommensurate state,
shear strength, shear modulus, and shear mode frequency
were obtained in our previous work [26]. All these quantities
are determined by a single energy parameter of the PES. In
particular, the increase in the amplitude of PES corrugations
due to structure relaxation means the proportional increase of
the barrier mentioned above. It was proposed that the presence
of such a barrier can lead to robust macroscopic superlubricity
in systems of commensurate twisted layers [26]. Therefore,
structure relaxation should favor this mechanism of robust
macroscopic superlubricity.

As for the static friction force, the measured values of this
force depend on the path on the PES during relative motion of
layers in an experiment. Complex atomistic models describing
a particular experimental setup are necessary to properly com-
pute it (see, for example, [4,6,76] for the motion of a graphene
flake attached to a probe on a graphite surface). Nevertheless,
the static friction force f; per atom of one of the layers for
motion along the minimum energy path (a zigzag line of seg-
ments connecting neighboring minima through saddle points)
can be found as f, = 4 +/N_.U, /a for the PES of the first type
and f, = 2.6774/N.U, /a for the second PES type [26]. These
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expressions demonstrate that such a force is proportional to
the amplitude of PES corrugations.

The studies of the effect of structure relaxation on the PES
for coaligned graphene and A-BN layers in different combi-
nations [51] showed that the dependence of the optimized
interlayer distance on the displacement can also be described
by first Fourier harmonics. Therefore, we approximate the
change of the average interlayer distance upon structure relax-
ation by an expression similar to Eq. (1) with the parameter d;
instead of U,

8d(x',y') = d,[2cos (k;y/) cos (k.x") + cos (Zk;,y/)]. 2)

The parameter d; obtained by minimization of the root-
mean-square deviation and the relative root-mean-square
deviation g4 are also given in Table III. It is seen that the varia-
tion in the interlayer distance is described well by first Fourier
harmonics, especially for moiré patterns with small unit cells.
However, the relative deviation ¢; grows upon increasing the
size of the moiré pattern unit cell. This can be related to
the following reasons. First, the amplitude of interlayer dis-
tance variation decreases strongly upon increasing the size
of the moiré pattern unit cell. Because of the noise in the
interlayer distance variation computed using the interatomic
potential of the magnitude of about 10-° A, the relative ac-
curacy of the calculations becomes worse. Second, with the
decrease of the twist angle (i.e., with the increase of the size
of the moiré pattern unit cell), the relaxed structure of the
twisted graphene bilayer gradually transforms into a system
of commensurate domains separated by incommensurate do-
mains walls [71]. Both of these reasons lead to the increase of
the relative deviation &,.

IV. DISCUSSION AND CONCLUSIONS

The restriction of macroscopic structural superlubricity
due to atomic structure relaxation has been studied using
the example of infinite twisted graphene bilayers. For this
purpose, the potential energy surfaces (PESs) for in-plane
relative displacements of the layers have been calculated for
twisted graphene bilayers with commensurate moiré patterns
(2,1), (3,1), (3,2), (5,1), and (5,3) considering periodic bound-
ary conditions and using the classical registry-dependent
Kolmogorov—Crespi potential with and without account of
structure relaxation.

Two types of constraints have been considered to control
the relative in-plane displacement of the layers. In the first
case, the in-plane positions of all atoms of the layers are
fixed, and relaxation is limited to the out-of-plane degree of
freedom. In the second case, such constraints are applied only
to two atoms of the supercell, while the rest of the atoms
are completely free. Our calculations show that the results
obtained with these two types of constraints are very close for
the moiré patterns (2,1) and (3,1) with small unit cells, but the
difference grows with the moiré pattern unit cell. Still, even
for moiré patterns with large unit cells, the differences in the
amplitude of PES corrugations are within a factor of 2. They
are much smaller than the changes with respect to rigid layers,
which correspond to orders of magnitude. Therefore, out-of-
plane relaxation is sufficient to capture the most important
relaxation effects. In experiments, the behavior of a system

of stacked layers upon their relative motion is determined by
forces applied to the layers. The forces can be applied equally
to all atoms (e.g., in the case of an accelerometer [77]), to
layer edges, to a small region of a layer using a probe tip, etc.
A simulation of system behavior under experimental condi-
tions requires the use of complex modules and usually limit
the consideration of relative layer motion to specific sliding
paths close to the PES minima and saddle points, while the
rest of the PES is not investigated. By considering two types
of constraints described above, we have obtained the whole
PES describing the potential energy dependence on the local
stacking. Such a PES can be employed in large-scale mod-
els, e.g., the Frenkel-Kontorova model [72,73,78], continuum
methods [74,79], etc., for simulations of superstructures and
macroscopic phenomena in twisted graphene layers.

It is found that the amplitude of PES corrugations (that is,
the difference between the minimum and maximum values of
the PES), calculated with and without account of structure
relaxation, decreases rapidly upon increasing the size of the
moiré pattern unit cell. This is similar to what was obtained
in the calculations with rigid layers for finite twisted graphene
bilayers with commensurate moiré patterns [7], where the rim
contribution into static friction was dominant. The influence
of structure relaxation on the amplitude of PES corrugations
depends strongly on the unit cell size of the moiré pattern.
For the moiré patterns (2,1) and (3,1) with the smallest unit
cells, the amplitudes of PES corrugations calculated with and
without account of the structure relaxation are approximately
the same. However, for the moiré patterns (3,2), (5,1), and
(5,3) with greater unit cells, the structure relaxation leads
to an increase of the amplitude of PES corrugations. This
increase becomes greater upon increasing the unit cell size,
and it reaches four orders of magnitude for the moiré pattern
(5,3). The structure relaxation can even affect the qualitative
characteristics of the PES. Namely, for the moiré patterns
(5,1) and (5,3), the structure relaxation causes a change of
the PES type from the second type with a trigonal lattice
of maxima obtained for rigid layers, to the first one with a
trigonal lattice of minima.

We have demonstrated that the PESs calculated with and
without account of structure relaxation can be approximated
by first Fourier harmonics determined by the symmetry of
the commensurate moiré pattern with an accuracy within 2%
relative to the amplitude of PES corrugations. Additionally,
it was shown that corrugations of the interlayer distance for
the relaxed structure can be approximated by an analogous
expression that contains only first Fourier harmonics. The
approximation by first Fourier harmonics for coaligned layers
was used previously for analysis of the electronic proper-
ties of the graphene/h-BN heterostructure [54,80] and twisted
graphene [80]. We expect that expressions similar to the ones
used here for the PES and interlayer distance can also be
used to describe the electronic properties of 2D systems with
relaxed twisted layers.

Since the static friction force is directly determined by
the PES for in-plane displacements of the layers (which has
a simple shape determined by first Fourier harmonics), our
results on the influence of structure relaxation on the am-
plitude of PES corrugations are equally valid for the static
friction force. Therefore, we assume that for a macroscopic
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superlubric system consisting of identical layers with the twist
angle close to the maximum value, the static friction is nearly
the same as that for rigid layers. Upon decreasing the twist
angle, the first crossover to the friction mode related to the
considerable influence of structure relaxation occurs. With a
further decrease of the twist angle, the structure relaxation
leads to the formation of commensurate domains, and the
second crossover to the static friction mode related to the
motion of domain walls takes place. Dynamic friction should
also correlate with the amplitude of PES corrugations due to
the dissipation of the kinetic energy of the relative motion
of the layers on PES hills [81]. Thus, we believe that the
account of the structure relaxation of both layers is important
for consideration of dynamic friction in superlubric systems
as well.
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