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Generalized many-body exciton g factors: Magnetic hybridization and nonmonotonic Rydberg
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The magneto-optical response of excitons in monolayer transition metal dichalcogenides is governed by a
complex interplay of Bloch-state quantum geometry—reflected in the electronic magnetic moment—coupled
with interband mixing and many-body interactions. Here, we develop a robust and general first-principles
framework for many-body exciton g factors (magnetic moments) by incorporating off-diagonal terms for the
spin and orbital angular momenta of single-particle bands and many-body states for magnetic fields pointing
in arbitrary spatial directions. We implement our framework using many-body perturbation theory via the
GW-Bethe-Salpeter equation and supplement our analysis with robust symmetry-based models. Focusing on the
archetypal monolayer WSe,, we accurately reproduce the known results of the low-energy excitons including
the Zeeman splitting and the dark/gray exciton brightening. Furthermore, our theory naturally reveals the
magnetic-field hybridization of higher-energy excitons (s, p, and d like) and shows that the magnetic moments
of nodal excitons (p and d like) do not acquire additional contributions of £m;up (m; = 1, 2), characteristic
of the hydrogenic picture. Our general approach also allows us to resolve the long-standing puzzle of the
experimentally measured nonmonotonic Rydberg series (1s — 4s) of exciton g factors. Our framework offers a
comprehensive approach to investigate, rationalize, and predict the nontrivial interplay between magnetic fields,
angular momenta, and many-body exciton physics in van der Waals systems, offering different opportunities to

probe signatures of quantum geometry within many-body states.

DOI: 10.1103/c5y7-w9tk

Introduction. Semiconducting transition metal dichalco-
genides (TMDCs) are a family of two-dimensional lay-
ered van der Waals materials [1-5] that display unique
electronic and optical properties, making them promising
candidates for ultrathin optoelectronic, photovoltaic, and
valleytronic applications [6—14]. Particularly, optical prop-
erties in TMDC systems are dominated by strongly bound
excitons—quasiparticles resulting from the electron-hole
Coulomb interaction [15-19]. For monolayers, the combi-
nation of broken inversion symmetry and strong spin-orbit
interaction imprints selective coupling to circularly polarized
light at the inequivalent K and —K points in the Brillouin
zone [20,21]. As a consequence, direct excitons display
valley-dependent optical properties [22,23]. Moreover, exci-
tons carry intrinsic magnetic moments and effectively couple
to external magnetic fields, revealing important effects such
as many-body Zeeman shifts and magneto-optical selection
rule modifications [24-47]. The magnetic moments involved
in the exciton magneto-optics are intimately connected to
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the single-particle quantum geometric tensor [48,49], thus
indirectly reflecting the quantum geometry of the underlying
electronic Bloch states.

A fundamental framework for understanding magneto-
optical exciton phenomena is provided by symmetry-based
low-energy model Hamiltonians [50,51]. Such models explain
why optically inactive (dark) excitons brighten under in-plane
fields in TMDC monolayers due to spin-flip and valley-mixing
terms [33,52,53] but do not offer quantitative insights into
the coupling terms. Conversely, ab initio methods based on
the many-body GW-Bethe-Salpeter equation (BSE) [54-57]
explicitly include Coulomb interactions and the detailed elec-
tronic structure, providing parameter-free information absent
in purely symmetry-based models. In particular, the GW-
BSE approach captures not only the spatial structure of the
single-particle (Bloch) states but also of the excitonic states,
achieved by explicitly considering the electron-hole basis and
evaluating their many-body interactions. Within this formal-
ism, the microscopic information about the crystal geometry,
atomic nature, and orbital details of the wave functions can
be incorporated perturbatively to calculate magnetic moments
(g factors) [38,46,58—60] that reflect underlying quantum ge-
ometric effects. However, existing numerical evaluations of
exciton g factors remain incomplete by neglecting two critical
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aspects: (1) insights from group-theory analysis and (2) off-
diagonal matrix elements (valley, orbital, and spin mixing) in
the electronic and excitonic basis. These limitations severely
hinder our ability to understand the fundamental aspects, such
as spin-valley mixing, decoherence, and relaxation in realistic
systems using reliable first-principles techniques.

In this Letter, we present a robust and general first-
principles formalism to describe many-body exciton g factors
by incorporating off-diagonal elements of spin and orbital
angular momenta, both in the single-particle and the exciton
basis. These off-diagonal matrix elements are essential for
capturing the correct spectral structure in degenerate many-
body subspaces and therefore, exciton hybridization under
arbitrarily oriented external magnetic fields. We validate our
approach by studying the exciton fine structure of monolayer
WSe,, a prototypical TMDC. We reproduce the known re-
sults for the low-energy exciton Zeeman splitting and reveal
that the brightening of dark/gray excitons in several magnetic
field orientations [33,52,53] is a direct consequence of the
off-diagonal angular momentum terms. Importantly, we es-
tablish that these off-diagonal elements drive the brightening
and hybridization of higher-energy excitons (s-p mixing) and
that nodal excitons (p and d like) do not acquire additional
contributions to the magnetic moments of the type &m;up.
Moreover, our approach provides a natural resolution to the
long-standing puzzle of the nonmonotonic behavior in the
excitonic Rydberg series g factors (ls — 4s) [36-39]. Our
formalism opens different opportunities to investigate and
predict the role of many-body effects and quantum geometry
signatures on the nontrivial spin-valley physics of excitons in
complex van der Waals systems.

General theory of exciton g factors. The Hamiltonian de-
scribing two-particle excitations in the presence of an external
magnetic field reads A = HPF + g . B [further details in
Sec. II of the Supplemental Material (SM) [61]]. The term
HPSE represents the BSE Hamiltonian, g = (&, &', &) cor-
responds to the g factor, Be := ppBe, Be=y,,; is the external
magnetic field, and wp the Bohr magneton. In the exciton ba-
sis, the BSE Hamiltonian is diagonal, (S|HBSE|S) = Qg8s.s,
with Qg being the exciton energies. The magnetic coupling
within degenerate and between different exciton subspaces is
driven by the external magnetic field and characterized by the
Hamiltonian matrix elements (S|H|S’) = > &5 Be, which
are excitonic-dressed “generalized” g-factor matrix elements,

ggS’ = Z (Avck) |:Z ve kgcck Z Av ckgvv’k:| (1)

vck c

Here, g, = (ak|L¢ + $¢|a’Kk) are the electronic g-factor
matrix elements [62] accounting for the direct magnetic cou-
pling, L¢ (3¢) the components of the orbital (spin) angular
momentum operator in the Bloch basis, |ek), and A5, the
exciton amplitude obtained from the solution of the BSE.
Equation (1) extends on previous derivations [58,59] by con-
sidering off-diagonal terms in the exciton g factor, not only
in the excitonic but also in the single-particle electron/hole
manifold (band g factors). For the latter, we need to consider
off-diagonal matrix elements of single-particle operators in
the Bloch basis. For instance, the orbital angular momentum
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FIG. 1. (a) Top view of the monolayer WSe,. The colored paral-
lelogram indicates the primitive unit cell. (b) First Brillouin zone.
The colored triangle indicates the irreducible wedge. The dashed
lines in (a) and (b) indicate the mirror planes o,. (c) Low-energy
bands at K/ — K valleys, including the irreps and spin orientation.
(d) Low-energy exciton states at the I point, identified by their
labeling and irreps (see main text). Vertical arrows indicate the al-
lowed optical transitions. Curved arrows indicate couplings via the
magnetic field (solid for B || z and dashed for B || x, y). (e) Schematic
representation of the exciton wave functions. Solid (open) circles
indicate positive (negative) amplitudes. For irrep ', the subindex
+(—) refers to the exciton wave function mainly localized in the
+(—)K valley. (f) Absolute, (g) real, and (h) imaginary values of the
calculated GW-BSE exciton wave functions. The arrows in (g) and
(h) emphasize the effect of o, i.e., ‘¢ (Ay) <> ['¢_(A_), no phase
change for I'y (G), and phase change for I'; (D). We adopt the group
theory nomenclature of Ref. [64].
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with p, o = (ak|p®|pk) [63], i being the imaginary unit, and
myg the bare electron mass. The prime in the first (second)
summation indicates that the o’ (o) state must be excluded
if @ and o’ are in the same degenerate subset.

Low-energy excitons. We demonstrate our theoretical ap-
proach for the archetypal monolayer WSe,, extensively
studied via magneto-optics [28,33,36—40,52,53,65,66]. The
top view of the TMDC crystals (Ds, symmetry group)
and the first Brillouin zone are depicted in Figs. 1(a) and
1(b), respectively. We focus on the subspace of low-energy
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excitons arising from the top valence band, VB, and the low-
est conduction bands, CB., around the K valleys. Figure 1(c)
shows these relevant energy bands, their irreducible repre-
sentations (irreps), and the direction of the spin expectation
value in the out-of-plane direction. The irreps of the direct
(1s-like) excitons can be obtained by the direct product of
K-point irreps and the compatibility relations between K and
I" points [61]. We employ the typical nomenclature for these
excitons [33,52,53]: bright (A ~ T'), gray (G ~ T'y), and dark
(D ~ I'3). From the symmetry perspective, A excitons are
two-fold degenerate while the D exciton has zero oscillator
strength. The resulting low-energy subspace, optical selection
rules, and coupling to an external B field are summarized in
Fig. 1(d), with the schematic representation of the exciton
wave functions given in Fig. 1(e).

Our GW-BSE calculations provide the exciton energies and
oscillator strengths (Table II in the SM [61]), supplying a
clear identification of the low-energy excitons. Notably, the
symmetry analysis also allows us to identify the numerical
precision of the GW-BSE calculations. The energy values
(oscillator strengths) fully satisfy the symmetry constraints
up to 0.1 meV (107%¢?a3). The energy splitting between G
and A excitons is ~52.4 meV while the D-G splitting is
~2.4 meV, in excellent agreement with experiments in hexag-
onal boron nitride (hBN)-encapsulated samples [33,52,53,67].
To verify the symmetry features shown in Fig. 1(e) at the GW-
BSE level, we display in Figs. 1(f)-1(h) the density (,o]f =
e A5 4 1P), real (Ref{AS} =Y Re{AS,}), and imaginary
(Im{A’} = >, . Im{AS }) values of the computed ab initio
exciton wave functions. Because of the numerical degeneracy
in the A exciton subspace, the wave functions are not fully
localized in =K but are still connected by the mirror plane o,.
State mixing is present in first-principles calculations when-
ever the irreps are (nearly) numerically degenerate [68,69]
and must be treated accordingly, specifically by incorporating
off-diagonal matrix elements. The symmetry features of G and
D excitons is visible in the real and imaginary parts, evidenced
by the dashed (G) and solid (D) arrows.

Knowing the excitons’ symmetry allows us to incorporate
the effect of external magnetic fields (pseudovectors). The
resulting symmetry-allowed couplings in the low-energy exci-
tons are shown in Fig. 1(d), revealing that out-of-plane fields
(B || z ~ T'p) yield Zeeman splitting physics for the A exci-
ton subset and mixing of D/G excitons, while in-plane fields
(B || x, ¥y ~ T's) introduce exciton mixing between A and D/G
states. We emphasize here the relevance of our general for-
malism: mixing effects can only be captured by off-diagonal
matrix elements and are relevant for degenerate subsets such
as the A exciton. The details of the symmetry analysis and con-
nection to the microscopic contributions of electron g-factors
in the exciton basis are given in the SM [61]. We incorporate
the magnetic field within GW-BSE by numerically evaluating
Eq. (1), including the k-space extension of the exciton wave
functions coupled via the full matrices £ and L.

Figure 2 summarizes the main findings for the low-energy
exciton subspace. Figures 2(a) and 2(b) show the Zeeman
splitting of A and D/G excitons for different magnetic field
orientations (), revealing that the exciton couplings between
degenerate and nondegenerate subsets are properly imple-
mented within our general ab initio formalism, in agreement
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FIG. 2. GW-BSE calculations for the Zeeman splitting of the
low-energy excitons under applied magnetic field at different angles,
0, for (a) A and (b) D/G excitons. (c) Calculated absorption via
GW-BSE under applied magnetic field oriented at different angles
(6 = 0°,45°,90°) for s (top row), s_ (middle row), and z (bottom
row) polarizations. The spectra are normalized to the maximum value
of the s, emission. For each transition, a broadening was applied
using a sech function with 1 meV full width at half maximum. The
vertical arrows highlight important brightening signatures. (d) Inten-
sity dependence for D/G excitons as a function of the magnetic field
extracted from (c).

with symmetry-based models [61]. In Fig. 2(c) we present
the calculated absorption spectra in logarithmic scale for
6 = 0°,45°,90°. Our calculations reproduce all the relevant
magnetic-hybridization mechanisms observed in photolumi-
nescence experiments (vertical arrows): (1) brightening of D
excitons for out-of-plane fields [33]; (2) brightening of D ex-
citons for tilted fields [52]; and (3) brightening of both D and
G excitons for in-plane fields [53]. Figure 2(d) summarizes
the explicit magnetic-field dependence of these brighten-
ing features. We note that photoluminescence experiments
incorporate the exciton occupation, given by a Boltzmann dis-
tribution function [70] with rapid exponential decay[71]. We
emphasize that the exciton brightening under magnetic fields
is a direct consequence of the off-diagonal elements of the
spin and orbital angular momenta, incorporated in the gener-
alized exciton g-factor formalism of Eq. (1). The comparison
between the full GW-BSE calculations and symmetry-based
models is given in the SM [61].

Magnetic-hybridization of high-energy excitons. While
low-energy excitons are easily described by effective models,
high-energy excitons (often called excifed excitons) pose a
greater challenge due to the increasingly denser excitonic
manifold of available states with enhanced intervalley ex-
change and spin-orbital mixing. To emphasize the significance
of the exciton hybridization at higher energies, we present
in Figs. 3(a) and 3(b) the absolute values of the out-of-plane
and in-plane g factors for the lowest 20 excitons (see the SM
[61] for a larger exciton subset). Notably, both g-factor com-
ponents display significant presence of off-diagonal elements
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FIG. 3. Absolute value of the (a) out-of-plane g-factor matrix,
|g:|, and (b) in-plane g-factor matrix, |g.,| = Vg + gf., via Eq. (1),
as a function of the exciton index, demonstrating the significance of
the off-diagonal terms. Calculated absorption as a function of the
magnetic field oriented at different angles (6 = 0°, 45°, 90°) for (c)
S+, (d) s_, and (e) z polarizations. The values are normalized to the
maximum value of the s, emission. We apply the same broadening
as in Fig. 2. Several exciton peaks emerge around 1.95 eV, visible for
0 = 45°,90°. We consider the nonzero oscillator strengths only for
s-like exciton states.

responsible for hybridizing states that belong to different exci-
ton subspaces, completely absent in previous studies [58,59].
Moreover, g-factors of p-like (and d-like [61]) excitons have
similar magnitude as their s-like counterparts, revealing that
nodal excitons do not acquire additional contributions to the
magnetic moments of the type £mup, as one would expect
from a hydrogen-atom picture.

In Figs. 3(c)-3(e) we display the calculated absorption for
s+ and z polarization for the exciton subset shown in Figs. 3(a)
and 3(b). For s polarizations, external magnetic fields lead to
the brightening of several optically inactive excitonic states.
In particular, we reveal a clear signature of the mixing of s-p
excitons, recently observed by external in-plane electric fields
in monolayer WSe, [72]. For z-polarized light, we recover the
brightening of the excited D/G states [see Fig. 2(c)]. Similar to
the recently proposed s-p mixing of excitons in van der Waals
heterostructures [73], this brightening cannot be captured by
purely (Wannier or symmetry-based) effective models, un-
derscoring the importance of including the full complexity
of the excitonic spectrum using the generalized GW-BSE
treatment.

Rydberg series of g factors. To showcase the robust capa-
bilities of our approach, we address the long-standing puzzle
and conflicting experimental reports of the Rydberg series
of the A exciton g factors for the so-called 1s — 4s states.
Figure 4(a) compiles the available experimental g factors
in hBN-encapsulated monolayer WSe, from Refs. [36-39],
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FIG. 4. (a) Experimental g factors of the Rydberg series (1s —
4s) of the A exciton by Stier et al. [36], Liu et al. [37], Chen et al.
[38], and Wang et al. [39]. (b) Calculated g factors via the GW-BSE
approach (circles), using an effective two-band model (squares), and
via the two-band model considering hBN encapsulation (diamonds).
Notably, the observed nonmonotonic trends can only be accurately
reproduced using our ab initio GW-BSE generalized g-factor theory.
Inset: g factors of D/G Rydberg excitons, also exhibiting nonmono-
tonic features. (c) Leading composition of the exciton wave function,
P8 = Y IAS, P forA(w=1,c=2)and DIG (v =1,¢ = 1) ex-
citons. (d) Experimental g factors of the Rydberg series of the A
exciton for other TMDCs by Goryca et al. [74], revealing consistent
nonmonotonic features.

revealing an overall decreasing trend together with clear
nonmonotonic signatures, varying slightly due to sample-
dependent factors [75-77].

In Fig. 4(b), we present our calculated g factors via the
full ab initio GW-BSE approach, revealing that nonmonotonic
features naturally emerge from our formalism. Notably, the g
factors for D/G Rydberg excitons also exhibit nonmonotonic
dependencies [see the inset of Fig. 4(b)]. We also evaluate
the g factors using an effective (parabolic) two-band model
incorporating the dielectric screening of vacuum and hBN
encapsulation (see Sec. I of the SM [61]). The effective model
systematically yields a monotonic behavior and fails to re-
produce the oscillations obtained in the GW-BSE g-factor
calculations via Eq. (1). These nonmonotonic features can-
not be explained by simplified models but naturally emerge
from our generalized GW-BSE formalism, which incorpo-
rates orbital and spin mixing induced by external magnetic
fields.

To highlight the nontrivial effects present in our general
formalism, Fig. 4(c) displays the leading composition of the
exciton wave function. These values are quite high, around
99.7% for D/G excitons and in between 98.4% and 99.6% for
the A excitons. Although these results would strongly suggest
that effective two-band models would be capable of describing
the relevant exciton g-factor physics, particularly for D/G ex-
citons, Figure 4(b) shows otherwise. Moreover, the nonmono-
tonic features of Rydberg excitons are not limited to WSe,
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but are also present in other TMDCs, namely MoS,, MoSe;,
MoTe;, and WS;. In Fig. 4(d) we present the experimental g
factors collected from Ref. [74], revealing the general pres-
ence of the nonmonotonic signatures in the Rydberg series of
the A exciton. Our results firmly indicate that the interplay
between the excitonic fine structure and magnetic response
is highly nontrivial and strongly dependent on the exciton
state, emphasizing the need for first-principles-based ap-
proaches when interpreting high-resolution magneto-optical
measurements.

Conclusions and outlook. In this Letter, we developed a
robust and general framework based on ab initio many-body
GW-BSE formalism that incorporates the interplay of the
spin and orbital angular momenta via the exciton g factors.
This approach takes into account the hybridization of single-
particle bands and many-body states through off-diagonal
matrix elements of spin and orbital angular momenta. We
validate our approach for the archetypal TMDC monolayer
WSe,, capturing and rationalizing the observed results of the
exciton Zeeman splitting as well as brightening of the op-
tically dark/gray excitons by in-plane/tilted magnetic fields.
We also explore the brightening of high-energy excitons, a
challenging task for pure symmetry-based models, emphasiz-
ing that many-body off-diagonal components of the g factor
are crucial to capture the magnetic mixing of exciton states.
These results imply that interpreting high-energy features in
magneto-optics requires caution, as nominally distinct exci-
tonic subspaces can strongly hybridize. Equally important,
we reveal that excited p- and d-like excitons do not acquire
additional contributions of the type +m;jup (m; =1,2) to
their magnetic moments. Furthermore, the robustness of our
approach allows us to recover the nonmonotonic behavior of
the Rydberg series of exciton g factors, a long-standing puzzle

observed experimentally not only in WSe, [36-39], but also
visible in other monolayer TMDCs [74].

Beyond enabling the study of nontrivial excitonic spin-
valley-orbital dynamics [78] and unconventional topological
and chiral excitons [79,80], our methodology opens different
avenues for uncovering elusive quantum phenomena driven
by the interplay of crystal symmetry, quantum geometry, and
many-body effects in complex two-dimensional materials and
van der Waals heterostructures. Furthermore, our framework
holds significant promise for the emerging field of orbitronics
[81], offering a pathway to deeper insights into the impact
of many-body interactions on orbital degrees of freedom in
low-dimensional systems, and providing valuable guidance
for magneto-optical spectroscopy exploiting composite many-
body exciton complexes [42,82—85].
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