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Preservation and destruction of the purity of two-photon states in the interaction
with a classical nanoscatterer
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The optical resonances supported by nanostructures offer the possibility to enhance the interaction between
matter and quantum states of light. On the other hand, due to abrupt changes in the optical response the quantum
states of light can be significantly affected by the interaction. In this work, we provide a framework to study
the scattering of quantum states of light (with information encoded in their helicity) by a nanostructure. We
analyze the purity of the scattered output quantum state and find that the purity of the incident state can be lost
when it interacts with the optical resonances of the nanostructure. To explain the loss of quantum purity, we
develop a physical picture based on time delays and frequency shifts between the output two-photon modes. The
framework and analysis proposed in this work establish a tool to address the interaction between quantum light

and nanoenvironments.
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I. INTRODUCTION

Quantum entanglement is a fragile resource required for
most quantum applications. There have been extensive studies
to quantify and exploit the degree of entanglement of different
systems, and also to analyze the loss of entanglement and
purity through decoherence [1,2]. One of the benefits of en-
coding quantum information in optical states is that they are
very resilient to decoherence, while at the same time, by their
very nature, photons are excellent information carriers for
quantum communication protocols [3—5]. However, photons
do not interact strongly with material particles and structures,
which limits the possibilities of processing photonic quantum
information [6,7].

Several techniques are being developed in order to en-
hance photon interactions, such as quantum optomechanical
systems, optical metamaterials, high-density gases, slow-light
materials, and several others [5,8]. Among these, engineering
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nanophotonic nanostructures for quantum information pro-
cessing offers the possibility, not only to enhance light-matter
interactions, but also to manipulate light in devices with a
footprint of the order of the wavelength. While the use of
nanostructures and the study of their optical resonances to
enhance the classical interaction of light and matter has a
long tradition [9-12], to the best of our knowledge, a formal,
detailed study of the effect of the interaction of quantum states
of light with such nanostructures is missing.

In this work, we provide a framework to study the in-
teraction between quantum states of light and a classical
nanostructure, i.e., a nanoscatterer that can be described with
classical constitutive equations. Our approach is general, al-
though here we focus on an experimentally relevant situation:
the scattering of two-photon states of light by a rotationally
symmetric nanostructure. The symmetry of the problem al-
lows us to focus on electromagnetic modes with well-defined
total angular momentum m =/ + s, where [ and s repre-
sent the orbital and spin angular momentum, respectively.
These types of quantum states are very robust to propagation
[3,13,14] and can encode more information than, for example,
polarization states by using several values of / [15-18]. Inter-
estingly, they can be manipulated in a controlled manner with
rotationally symmetric nanostructures that allow for the con-
servation of the total angular momentum m of the incoming
light [19,20].

II. INPUT AND OUTPUT STATES

The theoretical framework used to describe the quantum
scattering process is based on an input/output general
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formalism [20-24]. We consider that the input and output
states of the system are quantum states of light composed
by two entangled photons, where the two photons have total
angular momentum m = 0, and the information is encoded in
their helicity A (defined as the projection of the spin on the
direction of propagation), which takes A = 41 or A = —1
values [20]. Let us first consider a simpler case where
the input two-photon states are monochromatic. While not
experimentally achievable, this ideal case of monochromatic
states facilitates the introduction of the input-output
formalism used in this work. Specifically, we consider
a basis of four input two-photon modes that completely
describes any input monochromatic two-photon states:

[ (@1, 2)) = 3{a] (1)) () £ b} (01)b] (02)}]0), (1a)

(@1, 02)) = 3{a] ()b} (w2) £ b (@1)a] (@2)}10),  (1b)

where |0) is the vacuum state, and w; and w, are the
frequencies of the two photons. The basis of the two-photon
output monochromatic modes also has four elements,
[V (w1, w2)) and [x{(wi, ®z)), which follow Egs. (la)

and (1b), respectively, but the input “i”” labels are substituted
by the output “o” labels,

[ (@1, 2)) = 3@} (1)) () £ B (1) (02)}]0), (2a)

Ix2(@1, 02)) = 3@} (1B} (w2) £ b (01)a] (2)}]0). (2b)

The modes of light are described by the input (output) &:.f(o)(a))

and 13:.((0)(@) bosonic operators that indicate the creation of
an input (output) photon with helicity A = +1 or A = —1,
respectively. The &j(o)(w) and laj(o)(w) bosonic operators
satisfy the canonical commutation relations [25] and operate
on a single frequency w.

Recent experiments have measured a degradation of input
quantum states (quantified below by means of the loss of
purity) after scattering off a nanostructure [20]. In particular,
in these (and other similar) experiments [23,26], the inci-
dent photon pairs are generated in a superposition of states
of different frequencies, typically by a standard spontaneous
parametric down-conversion (SPDC) process. In this work,
we analyze the mechanism by which the scattering of these
nonmonochromatic states can result in a loss of purity. With
this purpose, we analyze the scattering of states that are fre-
quency superpositions of the monochromatic two-photon state
¥ (@1, 2)) as given by

W) = // dordand(@r, o)V (@1, ). (3)

where ¢(wi, wy) is the two-photon spectral function that
we approximate as the product of two Gaussian functions
—both centered at the central frequency wj, (or central wave-
length A;, = 2w c¢/wi,)—with variance o2 = 9 THZ?, chosen
to be similar to the one used in recent experiments [27,28]
(for the considered spectral range this value corresponds
to o0; ~3.4nm, see depiction of the pulse in Fig. 7).

Im{¢'}

Re{¢'}  Input state

CEETTED

FIG. 1. Real (left) and imaginary (right) components of o, the
density matrix associated with the input state | ¥} ). The two-photon
spectral function is centered at wj, = 17.5 x 10 rad/s and has a
variance of o2 =9 THZ?. £; = 0 indicates that the input state is
pure.

Thus,

S0y, ) = 1 exp (o1 — o)’
P T 202
o exp [ — (w7 — win)”
P 202 '
Note that this expression of ¢(w;, w,) implies that the
two input photons are indistinguishable, since ¢(w;, w;) =

d(w2, wy).
The scattering of the rest of the elements in the basis in
Eq. (1) is studied in Sec. IITE.

“4)

A. Experimentally accesible density matrix

In order to approach a realistic characterization of
quantum-entangled states, we consider that the scattered states
are measured through the postselection of two-photon states,
where the scattered states with less than two photons are
ignored. We also consider in the following that the detectors
are “blind” to the frequency degree of freedom. The input and
output quantum states are best described with the experimen-
tally accessible postselected density matrix 9 resulting from
tracing out the frequency degree of freedom. Thus, the ele-
ments (£|0|&’) of the density matrix correspond to the results
of standard quantum state tomography measurements [25,29],

(10"l =K / f (£ (@1, )| W)

X (WO (), wy))dwrdwy, ()

where C is a normalization constant that ensures Tr{p'®} =

|§’(")(a)1,a)2)) and |£"(w,, wz)) can be any superposi-
tlon of the Wi (w1, wp)) and |y )(a)l, wy)) states given in
Egs. (1) and (2). For example, Fig. 1 shows the density matrix
0" of the incident state | W', ) [Eq. (3)] calculated using Eq. (5).
In this case, @' is characterized by a single nonzero element
corresponding to (y4|d'|1,), and there is no contribution
from the other elements of the basis [Eqgs. (1a) and (1b)]. The
loss of purity for any quantum state can then be quantified
using

Lioy = 1 —Tr{(d")*}, (6)

where L;,) = 0 indicates a pure state and L;,,) > 0 a mixed
state. For the two-photon state under consideration, where
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there are four possible orthogonal states, a maximally mixed
state would have only elements in the diagonal with the
same value, i.e., 0"® = diag(1/4, 1/4, 1/4, 1/4). Therefore,
the maximum value attainable for the loss of purity is L) =
3/4. The input density matrix @' in Fig. 1 satisfies £; =
1 — Tr{(6")?} = 0, which confirms that §’ is a pure state [25].

III. QUANTUM TRANSFORMATION

We next discuss how to analyze the loss of purity due to
the scattering (in the linear regime) of m = O photons by a
rotationally symmetric nanostructure. Rotationally symmetric
structures conserve the total angular momentum of the in-
cident light. However, the conservation of the total angular
momentum m does not imply the conservation of the vectorial
degree of freedom of light, which is determined by the helicity
A. Since the states of light studied in this work are determined
by m and A, the input electromagnetic modes with m = 0

and A =41 (or A = —1) can only be scattered into two
different output electromagnetic modes with m = 0 (due to m
conservation) and A = +1 or A = —1. Further, we consider

that photons can be lost or dissipated in the scattering pro-
cess. This situation, where two input electromagnetic modes
are either lost or transformed into two other output electro-
magnetic modes, is analogous to the situation produced in a
lossy beam splitter [21-23]. Thus, we can directly adapt the
transformation of lossy beam splitters to our system, resulting
in the following equations connecting the output and input
annihilation operators:

a() = a1 (0)a(w) + Br1(@)bi(w) + Ly (w),
bo(®) = a_ 1 (0)bi(w) + B_1(@)ai(w) + L 1(w), (7)

where o4, a—1, B+1, and B_; are the helicity-splitting co-
efficients that are fully described in the next subsection and
that are calculated including all losses in the system (due
to absorption and because the detectors do not capture all
scattered photons). ., and ._; are the Langevin operators
that need to be included in the presence of losses so that the
commutation relationships are conserved [22,30,31]. In this
way, losses are fully accounted for in the lossy beam-splitter
formalism, avoiding the challenges that ensue from the direct
quantization of the response of a multimode nanoscatterer.

To briefly illustrate how to use Eq. (7) and obtain the
output state scattered by a nanoparticle for a given input state,
let us consider an example of a monochromatic input single
photon state with m = 0 and A = +1 at frequency w. Using
the creation operator formalism, we write this input state as
|¢j;l) = A:f(a))|0). We obtain the output state (with one pho-
ton) by projecting the input state into the output single photon
basis, i.e., we evaluate

Doy (ot + [y W Tyt
= [} (@)]0)(0a,(w) + bl ()0} (01bo()1IYL),  (8)

where |/ hy = &Z (w)|0) is the single photon output state with
m = 0and A = +1 at frequency w. In the same way, lyoly =
b!()|0) is the single photon output state withm = 0 and A =
—1, at frequency w.

We simplify Eq. (8) by using Eq. (7), the standard
commutation relations between the creation and annihila-
tion operators, and considering the vanishing average of the
Langevin operators ((L;1) = (L_;) = 0) [22]. |¢}) is then
transformed to the output state:

[Yh) — a1 (@) (@)|0) + B-1(w)bi(@)[0). (9

A. Helicity-splitting coefficients

Equation (7) describes the scattering of quantum states of
light, but w41, _1, B+1, and B_; coefficients can be calculated
from the classical response of the system as obtained from
Maxwell’s equations because Maxwell’s equations determine
how the electromagnetic modes get transformed, both in the
classical and quantum regimes [32,33]. We emphasize that
in this work we are using a quantum description of the in-
cident light and a classical description for the response of the
nanoparticle. The classical description can be used whenever
we deal with bulk systems in contraposition with systems with
significant nonlinearities or that need a quantum description,
such as single atomic samples. This work focuses on solid-
state systems that can be described with an index of refraction.
Thus, to obtain the helicity-splitting coefficients, we consider
a classical scattering problem where incident light beam with
m = 0 is scattered by the nanostructure. The scattered light is
collected by a lens and then separated by its helicity contri-
butions. Each helicity contribution is detected separately. For
example, in this work, the detection is done by coupling each
helicity contribution of the collected field to a single-mode
fiber connected to a detector.

In particular, we consider two classical focused input
beams with a helicity of either A = +1 or A = —1 and total
angular momentum m = 0. The electric fields for these input
beams are represented by E fH and E' |, respectively. We
then calculate the scattered fields EStD (ES=1), when the
nanostructure is illuminated by the input beam, E 11 (E' ).
The helicity-splitting coefficients are determined by project-
ing the scattered field into two classical output beams, E
and E? |, which also have an angular momentum of m = 0
and a helicity of A = +1 and A = —1, respectively,

op(w) = // dA[ES, (r, )] - EXTV(r, o),
A

a_(w) = // dA[E® (r, )] - EX7V(r, w),
A

Bor(w) = / / JAE (. )] BV (r, o),
A

ﬂ_l(a)):// dA[E? (r, )] - E*7V(r, w). (10)
A

This operation corresponds to calculating the coupling be-
tween the fields collected by the lens and a system to
project into the corresponding spatial and polarization modes.
Specifically, we are considering a system with mode-shaping,
single-mode fibers, and polarizers to select the modes for
each helicity contribution. A is the surface of the aperture
of the lens (which we consider identical to the area of the
fiber). The modes selected for each projection correspond
to ES | and E? ;.
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In this work, we consider a mirror symmetric detection
scheme (discussed in Sec. IV) such that o4 (w) = a_1(w) =
o(w) and B11(w) = B-1(w) = B(w). In this case, Eq. (7) sim-
plifies to

() = a(w)a;(w) + B(@)bhi(w) + L1 (w),
bo(w) = a(w)bi(w) + B(w)ai(w) + L_1(w).  (11)

Note that, as the lens does not capture all emitted pho-
tons, |a(w)|? + |B(w)|> < 1 even in the absence of absorption
losses.

B. Output [V ) state

By considering the simplified transformation in Eq. (11),
we can obtain the output state |W'9) from the projection of the
input state | ), on all the two-photon states of the output
basis:

IWF/HM%MMMMMN

+ Y2 (w3, @) (U (@3, w1)| + | x{ (@3, ©4)) (X (@3, w4)]
+ X2 (w3, w4)) (X2 (w3, w4)|ldw3dwy

/ P(w1, )|V (w1, w2))dwidw,. (12)

To evaluate Eq. (12), we first substitute the expressions of
a,(w) and b,(w) operators in Eq. (11) into the expressions of
(Y5 (@1, @), (Y2 (01, @), (x{ (@1, w2)|, and (x° (w1, w2)|
in Egs. (2a) and (2b); i.e., we express the output basis bra
states in terms of the input operators. Then, we perform the
projection of each output bra state onto the |1//i(a)1, wy)) state.
After some algebraic manipulation, Eq. (12) becomes

W) = /[ d(w1, 02)[Cy (w1, @)Y (w1, 2))

+ Cy(w1, @) x{ (w1, @) ldwdw,, (13)

with Cy (w1, w2) and C, (w1, w;) defined as
Cy (w1, w) = a(w)a(wz) + B(w)B(w2), (14a)
Cy(wr1, w2) = a(w)B(@) + B(w)a(w?). (14b)

Equation (13) shows that, in general, the output state is a
superposition of the double integral over two different entan-
gled photon modes, |{§ (w1, w2)) and |x{ (w1, @y)). Each of
these modes has a different amplitude, Cy (w1, @2)¢ (w1, w2)
for |[Y{ (w1, w2)) and C, (w1, @2)P (w1, wy) for |x{ (w1, w2)),
as we systematically show in the scheme of Fig. 2. Cy (w1, @)
and C,(w;, w;) coefficients in Eqgs. (14a) and (14b) may
have a strong frequency dependence due to rapid spectral
changes of « and B coefficients, greatly affecting the purity
of the output state. To illustrate the formalism, we artifi-
cially set f(w) = 0.2 and a¢(w) = a)Ly/[Z(a)% — 0’ +iyw)]
a Lorentzian function that mimics the resonant behavior
of a nanostructure (where w; and y are the central fre-
quency and losses of the Lorentzian resonance, respectively).
Figure 3 shows the output density matrix 9° calculated using
Egs. (5) and (13)—(14b), for these @ and S helicity-splitting
coefficients and the incident pulsed illumination described

s \
Input ! i
stgte ' ¢1v%) K: :

o o — o —— — —

Rotationally

state ! i

| % 0 K symmetric
|\C\IJ ¢ 1¢1) ) nanostructure

FIG. 2. Scheme of the scattering process. The \\L’L) input state
is scattered by a rotationally symmetric nanostructure as a super-
position of ) and |x¢) with amplitudes given by Cy ¢ and C, ¢,
respectively.

in Eq. (4). The ¢° obtained for the output state repre-
sents a partially coherent superposition of [{ (w1, @2)) and
|x$ (w1, w2)) [as indicated by Eq. (13)]. The purity of this state
is £L,~ 0.4 > 0 (i.e., the output state is mixed). Thus, this
simple example demonstrates that the purity of the incident
quantum state can be lost in the interaction with a resonant
nanostructure.

C. Origin of the loss of purity under
the quasimonochromatic approximation

To identify the origin of this loss of purity, we consider that
the input two-photon spectral function, ¢(w;, ;) is quasi-
monochromatic (i.e., its spectral variance o is significantly
smaller than the central frequency of the pulse, wy,). This
approximation enables us to derive expressions for the terms
P(wr, 02)Cy (w1, w2) and ¢(wr, w2)Cy (w1, w2) in Eq. (13),
providing insight into the output scattered state.

Under the quasimonochromatic approximation, we first ex-
pand the o and 8 coefficients to first order around the central
frequency of the two-photon spectral function wj:

a(w) %A(l +%/Aw), (15)
B(w) ~ B(l + %Aw), (16)

with A =a(win), B=B(wn), A =da(w)/dw|,,, B =
dB(w)/dwly, ., and Aw = © — wiy.

Re{@°} Im{0°}

Output state

FIG. 3. Real (left) and imaginary (right) components of 9°, the
postselected density matrix of the output state [W¢) that results from
the scattering of the incident input pulsed state |W ) in Fig. 1. For the
calculation, we chose that the helicity-splitting coefficient S(w) =
0.2, and a(w) is a Lorentzian function with w; = 17.5 x 10" rad/s
and y = 1 THz. £, ~ 0.4 > 0 indicates that the output state is not
pure.
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Using Eqgs. (15) and (16), we can write Eqs. (14a) and (14b) as

Cy (01, ) ~ (A* + BH[1 + (Aw; + Aw)(Fy + ity)], (17)
Cy (w1, ) ~ 2AB[1 + (Aw; + Aw))(Fy + ity)], (18)
with
1

F, =
Y T AI* + [BI* + 2|A12|B|% cos(28)

A
A

+ |A|2|B|2[cos(28)< +

A" 4 1Bl 4)
—TIAI" + —-IB|
{<|A| B

> + sin(28)(arg{A} — arg{B}’)] } (19)

_ 1 o .
1A F B + 21A]2[BP cos(25) { arg(AYIAI" + arg{B}|B|
2,2 / / . B AV

+ |AP°|BI*| cos(28)(arg{A} + arg{B}') + sin(26) B Al , 20)
= l( + o Q1

2 EVA

1

Ty = E(arg{A}’ + arg(B}'). )

In Egs. (19)-(22), we have introduced arg{A} = d arg{a(w)}
/dwla,, arg(BY = d arg(B(w)}/dwl,,, 6 = arg(B}— arg(A),
A" = d|a(w)|/dw|,, and |B|" = d|B(w)|/dw|,,, . We further
make the approximation 1 + xAw ~ ¢*2® in Egs. (17) and
(18), which gives

Cy (w1, ) ~ (A” + B*) expl(Aw + Awy)(Fy + ity)],
(23)
Cy (w1, wy) = 2ABexp[(Aw; + Awr)(Fy +ity)]. (24)
Then, the terms in Eq. (13) result in

P (w1, w2)Cy (w1, w2)

- in 2F 2
~ Ay exp |:_ [w; (a)za—lz- o°Fy)] n iwlfd/i|
- in 2F 2
X exp [_ [w> (a)za-iz— o*Fy)] n iwzw}, 25)
¢(w1, 0)Cy (w1, w2)
[w1 — (win + o’F, )]2 .
~ A, exp [— 752 o4 LW Ty
[(1)2 - (win + UzFx )]2 .
X exp|— + iwrty |, (26)
202
with
1 )
A — A2 +B2 Fw—szinrw 27
v a_ﬁ( )e (27)
and
2 F2—i2wi,T
A, = ABe'x in®x, (28)
o\

Note thatin Eqs. (19)—(28), Ay, Fy, Ty, Ay, Fy, and 7, depend
only on the classical response of the system evaluated at the
central frequency of the incident pulse, wj,.

Equations (13), (25), and (26) show that the output
two-photon modes can be represented as two distinct and
superposed two-photon pulses, one associated with the
[ (w1, @2)) states, and the other with the [x{(wi, ®2))
states. Each two-photon pulse can be factorized as two
Gaussian pulses, one for each photon. However, the pulses
associated with the [¥¢ (w1, w2)) and | x§ (w1, w2)) states have
different properties. The pulse in Eq. (25) has an amplitude
Ay, a common central frequency for both photons (wi, +
0%Fy), and a central time delay 7, [identified from the iw; Ty
and iw,Ty terms in Eq. (25)]. Figure 4 shows a scheme of
this delay and frequency shift for one of the photons of the
[¥¢ (w1, w2)) component of the output state.

Similarly, the pulse in Eq. (26) has an amplitude A,, a
central frequency (wi, + (IZFX ), and a central time delay z,.

FIG. 4. Sketch of the effect of the interaction of the scatterer
with the photon pulse shape. The black curve represents a typical
Gaussian profile of the frequency of one of the photons (we represent
this for simplicity, while in the text we consider a separable state
in frequency for the biphoton wavefunction). After linearization of
the parameters, the overall effect of the interaction with the particle
on the photon state would be that the state is converted to another
Gaussian profile (blue), which is frequency displaced with respect to
the first one by a frequency o2Fy, has a different amplitude, and its
dephased by w; 7y (indicated by a ramp in the phase of the frequency
profile).
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This implies that after the interaction with the nanostructure,
the resulting quantum state is a superposition of two different
quantum states with different time-frequency properties. As
we show next, the loss of purity in the output state can be
attributed to the difference in time delay and frequency shift
between the output pulses.

D. Analytical expression of the loss of purity
Using Egs. (5), (6), (13), (25), and (26), we obtain an
analytical expression for the purity of the output state in the
quasimonochromatic approximation,
A1, P D

Ag|2e2%Fi 4 |A, [2e20°F 2
X

L, =

[EJZAFZ _ e—ozArz]

(29)

with AF = Fy — F, and At = ty — 1,. This equation indi-
cates that the output state is pure under any of the following
conditions:

(1) If o =0, corresponding to a purely monochromatic
incident state. In this case, the output state is pure and consists
of a superposition of two different states with amplitudes Ay
and A, [Egs. (13), (25), (26)].

(2) If B(w) = 0 (within the spectral width of the incident
pulse), corresponding to the condition of helicity preservation
[34]. In this case, the output state becomes a frequency super-
position of only [¢§ (w1, w2)) states.

(3) If a(w) = 0 (within the spectral width of the incident
pulse), corresponding to the condition of total conversion of
helicity [34]. In this case, A, = 0 and thus, the output state
also becomes a frequency superposition of only [/{ (w1, @2))
states.

4) If a(w) = £B(w) (within the spectral width of the
incident pulse), corresponding to the situation where the in-
cident light only excites either magnetic or electric modes of
the nanostructure [34-36]. In this case, Ay, = A,. Thus, the
output state is a superposition of output |/ (w, @;)) and
|x§ (w1, @7)) states with the same amplitude, and the differ-
ences in time delays and frequency shifts between the output
pulses become zero (At = 0 and AF = 0). This situation is
discussed in more detail at the end of Sec. IV C.

(5) Ifboth @(w) and B(w) are almost constant in a spectral
range given by o. From Eqgs. (19)-(22), we find that this case
leads to AF ~ 0 and At = 0.

From the above conditions, we can expect a substantial
loss of purity if an incident nonmonochromatic pulse (o # 0)
excites both electric and magnetic resonances of the nanos-
tructure [thus, a(wiy) # B (win) # 0], while a(w) and B(w)
change abruptly near the illumination frequency.

E. Other excitation states

So far, we considered the loss of purity when the incident
state is |lIljr) [Eq. (3)]. Next, we consider the other input states
that are frequency suppositions of the rest of the elements of
the basis. First, we consider the state

w!) = // dordwyp(@r, o) [P’ (w1, @), (30)

with [ (1, @) = 5[3] (@)a] (@2) = b} (@1)b] (@2)]]0)
[Eq. (1a)]. Notice that this state differs from the state |\IJiL)
just in the phase of the superposition of the two-photon
modes. To obtain the output state, we proceed in the same
manner as in Sec. III B by using the transformation given in
Eq. (11), which gives

) =/ ¢ (w1, o){[a(@))a(wy) — B(w1)B(w2)]

X Y2 (w1, w2)) + [a(w1)B(w2) + Bwr)a(w2)]
x | x2 (w1, w))}dwdw,. (31)

Due to the use of indistinguishable photons (¢(w;, w;) =
Plwr, 1)),  [[dwrdwrd(r, )a(w)B(@) + B(w)a
(@02)]1x% (w1, @p)) = 0 [similar to Eq. (34), below], and the
only contribution to |W?) are the |’ (w, w,)) states,

W) = // d(wr, w)[a(w)a(ws)

— BBV (w1, wr))dwidw,. (32)

Thus, the detected density matrix of this output state [Eq. (5)]
has only one element and it is pure. This result could also
have been expected from the mirror and cylindrical sym-
metries of this particular state and of the nanostructure, as
discussed in Refs. [19,20]. These results show that the input
states | W’ ) and | W’ ) behave very differently when interacting
with the considered nanostructures. Even when we are con-
sidering nonmonochromatic input states, one of them (|¥' ))
will always remain pure, while the other one (|\Iljr)) can lose
1ts purity.
Next, we consider the two other states, starting with

IX') = // dordaig(@r, )| xL(o1, @), (33)

with  [x' (w1, @) = 3[a] (@1)b] (@) — b} (@1)a] ()]|0)
[Eq.(Ib)l.

The state |y’ (wi,w;)) is antisymmetric under permu-
tation of the frequencies. Thus, the incident state IX1)
becomes zero (for the two-photon spectral function that
we use),

. 1 ~
X'y = / / P (o1, wz)i[a,-*(wl)b?(wz)—

—bj(@)a](@)]0)dwrdar =0, (34)

which means that this state cannot be generated, and, hence,
there is no output state for this case.
Finally, we consider the incident state

IXL) = / / dodwr(wr, )| xk (01, ),  (35)

with  [x’ (w1, @) = 3[a] (@)b] (w2) + b} (w1)a] (2)]|0)
[Eq. (1b)]. Again, we proceed as in Sec. III B and obtain the
output state,

IX7) :f ¢ (w1, w){[a(@)a(wr) + B(w1)B(@2)]

X [x{ (o1, @)) + [a(w)B(w2) + Bwr)a(w2)]
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X Yl (w1, w2))}dwrdw,
= [Cy (@1, @) x (@1, @) + Cy (w1, @2)
x (o, )], (36)

which is the same result obtained for the output state
[W$) [Eq. (13)] except that the coefficients Cy (w1, w2) and
Cx(wl, w,) of the sFates [x$ (w1, @2)) .and |1//f,’r§w1., wy)) are
interchanged. By using Eq. (5), we arrive to a similar output
postselected density matrix to that of the [W¢) state, but with
anterchange(.l elemepts, i.e., the Q‘&MW, Q;+’X+, Q;%M, and
0%, . density matrix elements of the output state [W) are
A0 A0 A0 ANO
equal to the 05, 0y, v 0%, v, and ¢y, , elements of the
output state | X7 ), respectively. These changes do not affect the
loss of purity, and thus, the output postselected density matrix
obtained for [X{) has the same purity as the density matrix
obtained for |[WY).

IV. LOSS OF PURITY DUE TO THE SCATTERING
BY A SILICON SPHERICAL NANOPARTICLE

In this section, we apply the model framework described
above and study the loss of purity of the quantum state |W* )
[Eq. (3)] when scattered by a silicon spherical nanoparticle
of radius R = 250 nm placed in vacuum (the permittivity of
silicon is obtained from Ref. [37]). In this way, we show, using
an experimentally relevant system, how our theoretical model
can be applied. We choose this particular nanoparticle as a
study case since dielectric nanoparticles show substantially
smaller intrinsic losses than their plasmonic (metallic) coun-
terparts, making them especially suitable for the manipulation
of quantum states of light.

To analyze the loss of purity in this scenario, we first ob-
tain, in Sec. IV A, the helicity-splitting coefficients that define
the quantum transformation [Eq. (11)] of states of light with
a specific angular momentum and polarization scattered by
the silicon spherical nanoparticle. In Sec. IV C, we use these
coefficients to calculate the output state of the interaction of
an incident |‘~Ifi) state with the nanoparticle, and we find that
the output scattered state can lose its quantum purity. We then
proceed to analyze the loss of purity at the end of the same
subsection.

A. Classical response: helicity-splitting coefficients

As we discussed in Sec. III, the helicity-splitting coeffi-
cients determining the transformation of quantum states can
be obtained from classical calculations of the fields scat-
tered by the nanoparticle. In particular, here we obtain the
fields scattered by the nanoparticle using Mie theory as dis-
cussed in Appendix. We consider incident illumination close
to that in experimental configurations: A right circularly po-
larized Laguerre-Gauss LG(I) mode [see Eq. (A2) of Appendix]
with spatial width wy = 0.5 mm focused at the center of the
nanoparticle by a high-numerical aperture lens (NA = 0.9)
with focal length f = 1 mm (see scheme in Fig. 5). The inci-
dent Laguerre-Gauss beam has a well-defined orbital angular
momentum and spin, with / = +1 and s = —1, respectively.
Thus, this incident beam corresponds to E’ | in the notation
introduced right before Eq. (10), i.e., the electric field for
an incident beam with m =0 and A = —1. Figure 6 (left

In I=+1A=-1 Lens Nanoparticle
5 >
ut
l=-1A=-1
- I )
[ =+1|A=+1
< +1[A =+ Z

FIG. 5. Scheme of the classical scattering by a silicon spherical
nanoparticle. A Laguerre-Gauss beam with m =0, A = -1 (I =
+1), and width wy, = 0.5 mm propagates along the positive z axis
toward a R = 250 nm silicon [37] spherical nanoparticle situated in
vacuum. The incident beam is focused on the center of the nanoparti-
cle with a high-numerical-aperture lens (NA = 0.9) and focal length
f = 1 mm. The light backscattered by the nanoparticle is collected
and collimated with the same lens and separated into the two different
helicities A = +1 and A = —1. Each helicity contribution is then
coupled to a single-mode fiber before reaching the detector.

panel) shows the spatial distribution of the phase and in-
tensity of the input beam at the aperture of the lens for an
incident monochromatic illumination of (vacuum) wavelength
A = 1011 nm.

The lens used to focus the incident beam also collects the
backscattered light, corresponding to E* in Eq. (10), i.e.,
the fields scattered by the nanoparticle under E* | 1llumina-
tion. Figure 6 (right panel) shows the spatial field distribution
of ESTD after being collimated by the lens and being sep-
arated into its two helicity contributions, one with A = +1
and another with A = —1 (scheme in Fig. 5). Since the output
collimated beams are paraxial, we can determine the spin and
orbital angular momentum for each helicity contribution of

In Out
l F1|A 1 l 1|A 1 l 1|A 1

! max

()] [

kel [

B 1

= '

€ :

< , i
1 min
' 2n

Yy YW YW Y

@ :

£ 1

& ' '

FIG. 6. Spatial distribution of the amplitude (top row) and phase
(bottom row) of the input and output electric fields for a monochro-
matic illumination with wavelength A = 1011 nm. The studied
system consists of a silicon spherical nanoparticle of radius R =
250 nm illuminated by a focused / = +1, m = 0 Laguerre-Gauss
beam as indicated in Fig. 5. The input and output fields are both
plotted in the same plane of the aperture of the lens. The amplitude
of the input electric field (first column) is normalized to its maximum
value. The output beam (second and third columns) is decomposed
into the two different contributions with different circular polariza-
tions corresponding to different helicity values, as indicated in the
figure (the left and right polarized contributions of the output beam
correspond to A = —1 and A = +1, respectively). The amplitude
of both output contributions is normalized to the maximum of the
output field with helicity A = +1.

013189-7



ALVARO NODAR e7 al.

PHYSICAL REVIEW RESEARCH 8, 013189 (2026)

E*Y_ Specifically, s = —1 and [ = +1 for the A = +1 and
m = 0 contribution, and s = +1 and [ = —1 for the A = —1
and m = 0 contribution. Note that the spin and helicity have
opposite signs for the backscattered field, as the output beam
propagates along the negative z direction.

To obtain the helicity-splitting coefficients, we use
Eq. (10). In this equation, the o_; and B_; coefficients are
obtained by projecting E*" onto the output modes E¢,
and E?,, corresponding to electromagnetic modes of the
single-mode fibers introduced above. The output mode E? ,
correspondstom =0, A = —1,and ES tom =0, A = +1.
Here, we consider the simple situation where E%, (E?))
corresponds to a Laguerre-Gauss LGé (LG, 1), same as for
the input beam, but in this case the output Laguerre-Gauss
modes propagate toward the negative z direction. Because the
Laguerre-Gauss output modes are paraxial, we can assign the
helicity directly to the spin and, thus, to circular polarization:
the A = +1 beam has s = —1 corresponding to a circular
right polarization unitary vector v_ = (=1, iy, 0;)/ V2 and
A = —1 has s = 41 corresponding, within the paraxial ap-
proximation, to a circular left polarization unitary vector v =
(1, iy, 0.)/~/2. Finally, using Eq. (10), we can directly obtain
the helicity-splitting coefficients:

a (@) = // dA[LGy (ryv_e™]" - ESD,
A

B-1(w) = // dA[LG (ryvie ] - ESCV. (37)
A

The integrating area A in Eq. (37) corresponds to the surface
of the aperture of the lens (same area of the fields shown
in Fig. 6).

In a similar manner, we can calculate «,; and B, for
the fields scattered by the nanoparticle when illuminated with
m =0, A = +1, and Laguerre-Gauss mode LG, ! However,
the detection scheme that we have proposed ensures that the
input and the output fields are related by a mirror transforma-
tion. This imposes that ;1 =o_; =« and B, = B_; = B,
and thus, we can use the simple transformation introduced
in Eq. (11). This can also be verified using the equivalent of
Eq. (37) for a4 and B4;.

We show in Figs. 7(a) and 7(b) the amplitude and phase
spectra of « (blue line) and B (orange line), obtained by eval-
uating Eq. (37) for different wavelengths A € [975, 1150] nm.
Figure 7(a) shows that the spectra of the amplitudes | (w)|
(blue line) and | 8(w)| (orange line) exhibit two clear peaks: A
relatively broad maxima centered at A &~ 1040 nm and a sharp
peak centered at A &~ 1000 nm. In the proximity of these two
peaks, the phase of the coefficients [arg{a(w)} and arg{B(w)}]
varies rapidly, particularly near the sharp peak [Fig. 7(b)].

B. Analysis of the contributions of the different resonances
of the nanoparticle to the helicity-splitting coefficients

We next analyze the nature of the peaks of |w(w)| and
|B(w)| in Fig. 7(a) by using Mie theory, which fully includes
the effect of all decay channels. To that end, we show in
Fig. 8 (black line) the classical scattering cross-section spec-
trum oy, of the R =250 nm silicon spherical nanoparti-
cle under the illumination of the focused [ = +1, m =0

(a)

o
N
o
<::;
P —

Amplitude
o
o
o

|¢| (normalized)—

0.00 1

(b) __——

4 \/arg{a}
980

1020 1060 1100
A (nm)

FIG. 7. (a) Amplitude and (b) phase of the helicity-splitting co-
efficients « (blue line) and B (orange line) that are obtained from the
classical scattering calculation, as a function of wavelength A. The
coefficients are obtained for a silicon spherical nanoparticle of radius
R = 250 nm illuminated by a focused / = +1, m = 0 monochro-
matic Laguerre-Gauss beam as indicated in Fig. 5. For reference,
we also present in panel (a) the spectral amplitude |¢| (normalized
to the maximum amplitude of |«|) of an incident pulse centered at
Ain = 1060 nm. This allows us to compare the spectral width of the
two-photon pulse with the width of the spectral features of the silicon
nanoparticle response.

1.01 — Osca
-0 osca[azl
0.8 1 ) Usca[bB]
=)
[J]
N
= 0.6
£
o
£ 0.4
$
0.2 1
// §§§§§
0.0 SRR
980 1020 1060 1100
A (nm)

FIG. 8. Different contributions to the scattering cross section of
the silicon [37] spherical nanoparticle of radius R = 250 nm studied
in section IV. The nanoparticle is illuminated by a monochromatic
Laguerre-Gauss beam with [ = 1, s = —1, and width wy = 0.5 mm
that is focused at the center of the spherical nanoparticle by a lens
of NA = 0.9 and f = 1 mm. The solid black line corresponds to the
total scattering cross section of the system oy, and the dashed lines
to the two main contributions to oy,, due to the electric quadrupo-
lar (0yq[az] proportional to |a;(w)|? in Eq. (38), dashed blue line)
and the magnetic octupolar (o4, [b3](w) proportional to |bs3(w)|? in
Eq. (38), dashed orange line) modes of the nanoparticle.
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Laguerre-Gauss beam. oy, presents again two clear peaks, a
broad one centered at A &~ 1040 nm and a narrow peak cen-
tered at A &~ 1010 nm. The spectral position of the maximum
of these two peaks is very close to the maximum of the two
peaks of the |a¢(w)| and |B(w)| helicity-splitting coefficients
[shown in Fig. 7(a)], which indicates that the peaks of the
helicity-splitting coefficients are related to the excitation of
the resonances of the nanoparticles. To analyze which reso-
nances are excited at these spectral positions, we decompose
Osca @S a sum of the contributions of each multipole [38]:

2 o0
Osea = k—f Y IC@)Plan@) + [bu(@)),  (38)
n=0

where C, is given by Eq. (A4) of Appendix and a, and b,
[in Egs. (A8) and (A9) of Appendix] are the scattering coeffi-
cients of the electric and magnetic multipoles, respectively.

In Fig. 8, we plot the two contributions given by the scat-
tering coefficients a, (dashed blue line) and b3 (dashed orange
line) in Eq. (38). We find that the broad peak of the total
scattered cross section centered at A &~ 1040 nm is due to the
term proportional to las)? in Eq. (38), which indicates that
this peak results from the excitation of an electric quadrupolar
resonance in the nanoparticle [39]. The term proportional
to |b3|> causes the narrow peak centered at A ~ 1010 nm
and corresponds to the excitation of an octupolar magnetic
resonance [39].

C. Quantum response: Analysis
of the purity of the scattered state

With the results of a(w) and B(w) shown in Figs. 7(a)
and 7(b) we can now calculate the postselected output density
matrix 9° [using Eqgs. (5)-(14)] when the silicon spher-
ical nanoparticle is illuminated by the focused entangled
input state |lIlj'r). The input state in this case is a two-
photon Gaussian pulse with a bandwidth of ¢ =3 THz.
Figures 9(a) and 9(b) show the output postselected den-
sity matrix, with an illumination field spectrum centered at
Ain = 1003 nm (exciting one nanoparticle resonance) and
Ain = 1025 nm (in between nanoparticle resonances), respec-
tively. This figure shows that the output scattered states are
different depending on the wavelength of the illumination
due to changes in the helicity-splitting coefficients in this
range of wavelengths. Furthermore, the output state is pure
(L, ~ 0) when illuminated at A;, = 1025 nm, but there is
a loss of quantum purity (£, ~ 0.05 > 0) when illuminated
at Aj, = 1003 nm, as indicated in the figure. We emphasize
that £y ~ 0 is possible despite not collecting all photons
with the lens because we are considering the two-photon
postselected state.

To further study the loss of quantum purity, we show in
Fig. 10(a) (solid black line) L, of the output state as a function
of the central wavelength of the pulse Ay, = 2w co/wi,. We find
two clear peaks situated at Aj, & 1003 nm and Ay, = 1012 nm,
where the purity loss becomes significant (£, ~ 0.1).

To understand the cause of the loss of purity, we ex-
amine the quasimonochromatic approximation discussed in
Sec. III B. According to this approximation, the output state
is a combination of two time-delayed and frequency-shifted

@  Qutput state at A, = 1003 nm
Re{6°} Im{&°}

(£, =1 Tr{(2°)?} ~ 0.05)

(b) Output state at A, = 1025 nm
Re{0°} Im{@°}

FIG. 9. Real (left) and imaginary (right) components of 9°, the
postselected density matrix of the output state [W¢) that results from
the scattering of the incident input state | WY ) in Fig. 1 by a silicon
spherical nanoparticle of radius R = 250 nm (more details of the
system in the caption of Fig. 5). Panels (a) and (b) correspond to
0 calculated for an incident pulsed state of width 0 = 3THz at
central wavelength A;; = 1003 nm and A;;, = 1025 nm respectively.
We indicate the loss of purity £, for each illumination, where £, ~
0.05 > 0in panel (a) indicates that the output state for A;, = 1003 nm
is not pure, and £, =~ 0 in panel (b) indicates that the output state for
Ain = 1025 nm is pure.

states [40]. We show in Fig. 10(b), the spectral dependence
of the time delays 7y (solid blue line) and 7, (solid red line),
and in Fig. 10(c) we show the corresponding values of the
frequency shifts o2Fy and 02FX. The loss of purity can be
calculated in the quasimonochromatic approximation by using
Eq. (29). Figure 10(a) (green dashed line) shows the result
of this calculation. There is a very good agreement between
the results obtained with the approximated expression (green
dashed line) and the exact expression of the loss of purity
(solid black line). Further, the quasimonochromatic model
provides a clear explanation for the results, as the loss of pu-
rity is highest when there is a greater difference in time delays
and frequency shifts, as observed in the region of 1000 nm
< Ain < 1020 nm of Figs. 10(a)-10(c).

Examining the equations of the frequency shift and time
delays in the output pulse [Egs. (19)—(22)], it is possible
to note that the differences in frequency shifts and time
delays maximize in the spectral region where the spectral
behaviors of a(w) and B(w) are strongly marked within the
spectral width of the incident pulse. Indeed, by inspecting
the helicity-splitting coefficients in Figs. 7(a) and 7(b), we
can observe that the spectral region where the differences
between the helicity-splitting coefficients are largest corre-
sponds to 1000 nm < A;, < 1020 nm, where the loss of purity
is maximized.
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FIG. 10. Analysis of the purity loss for a focused incident |\I»'j_)
state interacting with a R = 250 nm silicon [37] spherical nanopar-
ticle in vacuum. (a) Spectrum of the purity loss 1 — Tr{(56°)?}. The
solid black line corresponds to the purity loss of the numerically
calculated density matrix [Eq. (5)] of the output state [Eq. (13)] and
the dashed green line to the result of the approximated Eq. (29).
(b) Spectrum of the time delay of the two two-photon modes of the
total output state according to Eqs. (20) and (22). The solid blue
line corresponds to 7y and the solid red line to 7,. (c) Spectrum of
the frequency shift of the two two-photon modes of the total output
state according to Eqgs. (19) and (21). The solid blue line corresponds
to 02 Fy and the solid red line to o2 F.

D. Influence of the magnetic and electric
resonances on the loss of purity

In Sec. III B, we discuss that an abrupt spectral variation
of a(w) and of B(w) can cause the loss of purity of the
output state. Interestingly, we tracked down such fast spectral
variation to the simultaneous excitation of both magnetic oc-
tupole and electric quadrupole resonances of the nanoparticle.
In fact, we show next that the loss of purity only occurs
when the nanoparticle supports both electric and magnetic
resonances.

A nanoparticle that only supports magnetic resonances sat-
isfies a, = 0 for all n in Egs. (A6) and (A7) of Appendix.
In this case, a detailed analysis of the fields scattered by the
nanoparticle when illuminated by beams with well-defined
angular momentum leads to o (w) = —fB(w) [34,38,39]. On
the other hand, if a nanoparticle only supports electric res-
onances, then b, = 0 for all n in Eqgs. (A6) and (A7), and
in this case we obtain «(w) = B(w). From the intuitive
quasimonochromatic picture introduced in Sec. lII B, a¢(w) =
£B(w) constitutes two special cases, both leading to 7y, = 7,
and F, = F) in Eqgs. (19)—(22), i.e., there is no difference in
time delays nor frequency shift between the output pulses, and
thus, the loss of purity in Eq. (29) becomes zero.

Further, it is not necessary to adopt the quasimonochro-
matic approximation to show that the output state is always
pure for o (w) = £B(w). Using Egs. (13)-(14b), we obtain the

output state in these cases,
W [a = £B]) = f P(w1, w)[2a(wy)a(w?)]

x [[¥ (o1, w2)) £ X (w1, w2))]dwidw,.
(39)

In this expression, [ (w1, @2)) and |x{ (w1, w)) are multi-
plied by the same spectral function ¢(w;, ,)[2c(wy)o(wy)].
This shared weighting function causes the detected output
state to be pure, as directly proved by inserting Eq. (39) in
Eq. (5). We obtain an output detected density matrix with
only four nonzero terms, oy, =09, , =1/2,0y, , =
@;%W = +1/2 (from a(w) = +B(w)), which is an idempo-
tent matrix, (i.e., (0°)" = 0°), corresponding to a pure state,
Tr{(6°)’} = 1 — L, =0. Thus, the loss of purity can be
attributed to the simultaneous excitation of electric and mag-
netic resonances of the nanoparticle.

V. CONCLUSIONS

In summary, in this work we provide a framework to treat
the scattering of a pulsed quantum two-photon state in modes
of well-defined angular momentum and helicity interacting
with a rotationally symmetric nanostructure. This framework
fully takes into account the effect of absorption and scattering
losses, and the collection of only a fraction of the emitted
photons. We find that the interaction of entangled photons
with nanostructures can produce a loss of purity of the inci-
dent state, even when the nanostructure is smaller than the
wavelength of the incident field. We apply our framework
to analyze the loss of purity in a realistic scenario, a silicon
spherical nanoparticle illuminated by a focused two-photon
state generated by, for example, an SPDC process, where
the two photons are indistinguishable. Further, we developed
a simple physical picture that explains the loss of quantum
purity as a consequence of a difference in time delays and a
frequency shift between the two-photon modes of the output
state. Importantly, these frequency shifts and time delays can
be traced back to the spectral width of the incident pulsed
states and the excitation of different optical resonances of the
nanoparticle.

Our framework and findings can be extended to treat
the scattering of quantum states of light by other nanos-
tructures using more complex scattering matrices, which
can be obtained from numerical methods or analytical cal-
culations. This can be useful in preventing the loss of
purity in quantum information applications handled at the
nanoscale.
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APPENDIX: DETAILS
OF THE CLASSICAL CALCULATIONS

The interaction between quantum states of light and a
spherical nanoparticle is described by Eq. (11) in the main
text, and it is encoded on the o(w) and B(w) helicity-splitting
coefficients. This section describes all the steps required to
obtain these two coefficients for the system studied in the
main text.

a(w) and B(w) can be obtained from the analysis of the
fields scattered by the nanostructure when it is illuminated by
classical light characterized by the same spatial dependence
of the electromagnetic fields as the quantum states considered.
We can use the classical response as an input to later describe
the quantum behavior because Maxwell’s equations determine
how the electromagnetic modes of classical and quantized
states of light evolve [32].

The system that we study (see Fig. 5 of the main text)
consists of a spherical nanoparticle that scatters a highly fo-
cused Laguerre-Gauss beam. Before being focused by the
lens, the incident Laguerre-Gauss beam is characterized by
total angular momentum m = 0 and spin s = —1 (and thus,
orbital angular momentum [/ = m — s = 41). We note that
the values of a(w) and B(w) are independent of the chosen
s for m = 0 incident beams due to the mirror symmetry of the
nanostructure. This input beam propagates along the positive
z axis and is focused by an aplanatic lens of a high-numerical
aperture NA = 0.9 placed at the focal length f = 1 mm from
the center of the nanoparticle. The backscattered field (i.e.,
the scattering of the nanoparticle in the direction of negative
z) is collected and collimated by the same lens. The colli-
mated field is separated into two helicity contributions. This
separation can be achieved experimentally with a polarized
50/50 beam splitter because the backscattered beam has a
planar wavefront after the collimation, so that there is a direct
relationship between the helicity A and the polarization of the
field: The backscattered beams with left or right circular po-
larizations have spins = +1 (A = —1)ors = —1 (A = +1),
respectively (A is defined as the spin projected in the direction
of propagation).

To obtain the a(w) and B(w) helicity-splitting coefficients,
we describe the field profile of the m = 0, s = —1 Laguerre-
Gauss mode to be focused by the lens following the standard
form [41]:

LG! N
ESS(p, gp) = Ay (0, @p)0s, (A1)

(a) Focus (b) Collimation
N y; N ;
—_—>| / | /
/ /
/ /
] |
B L
\ \
\ \
\ \
\ 4 A4

FIG. 11. Scheme of the (a) focusing and (b) collimation process
described by the aplanatic lens model. In the focusing process, the
field incident on the aperture of the lens (vertical arrow in the shaded
blue area) is mapped into a spherical surface of radius f (dashed
line) and then rotated such that it propagates toward the focus (i.e.,
the center of this spherical surface). The collimation corresponds to
the inverse process, so that the field is evaluated in the same spherical
surface, rotated, and then mapped into the aperture of the lens.

with

17l
24! 1 (pv2
LG (p, ¢p) = —
(0 #9) n<q+|l|>!wo<wo>

2 2
=07\, (20 .
X exp (7)%(?) exp(ilep), (A2)

0 0

the Laguerre-Gauss mode, p and ¢, are the radial and polar
angle coordinates, respectively, at the aperture of the lens
(with p = 0 being the center of the lens), / is the Azimuthal
order (number of times the phase twists around the origin),
q the number of radial nodes of the incident Laguerre-Gauss
beam (for this work g = 0), wy = 0.5 mm the width of the
beam, Lfl the generalized Laguerre polynomials [42], and
v, the spin unit vectors, which in Cartesian coordinates are
written as vy = (1, iy, Oz)/«/i and v_ = (—1,, i, OZ)/\/E.
The field in Eq. (A1) is normalized such that ;° pd p f02” do,
EC1” = Aol

The beam given by Eq. (Al) is focused by the lens. We
follow Ref. [38] and write the focused field as an expansion of
multipoles A(lf\,l) of different order n, which facilitates the cal-
culation of the scattered fields using Mie’s theory. The index
“1” in AY;) indicates that this basis element is proportional
to the spherical Bessel function of the first kind (see Chap.
4 of Ref. [39]). The expansion considered here uses a basis
such that each multipole, A™ has a well-defined helicity

1,n°

[38,43-45]. The focused electric field is

El\(r,9.0,0) =) V2C,(AY)(r 0.0, 0),  (A3)

1,n
n=0

where w is the angular frequency of the light, and r, ¢, and
6 are the spherical coordinates (radial, polar, and Azimuthal,
respectively) with origin at the center of the nanoparticle. The
coefficients C, are given by (see Ref. [38])

C,=i""'"V2n+1x kvzn/
0

X (E(sz})(f sin(6), 0) - &,)v/cos(@) fe ™/, (A4)

Omax

sin(0)d6
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where O, 1s the maximal half angle of the lens, and k =
2 /A, A being the wavelength of light in vacuum. These
coefficients are derived in Ref. [38] using the aplanatic lens
model [45], schematized in Fig. 11(a). The modeling of the
focusing process used to obtain Eq. (A4) can be separated
into three steps. First, we map the incident electric field in the
aperture of the lens onto a reference surface with coordinates
r=f, ¢s €[0,27], and 6 € [ — Opax, ] (i-e., a spherical
cap situated at the focal distance f from the nanoparticle).
Second, the mapped (vectorial) electric field is rotated such
that from each point of the reference surface emerges a plane
wave that propagates toward the focal point. Third, we obtain
the field in the focal point as the sum of all these plane
waves.

We next obtain the fields scattered by the nanoparticle
using the expression [38]:

o
EXC(r 00 0.0) = Y Cul@)(Va(@)A)) (. 95, 0, )
n=0

+ Wa(@AS V(0. 0, ), (AS)

where the multipoles AgAn) are, in this case, proportional to the
spherical Bessel functions of the third kind, and

ap(w) + b, ()
Vi =" A6
(w) 7 (A6)
an(w) - bn(w)

Wy=—"—""-—. A7

NG (A7)
|

sin(gs) —cos(ps) O 1

R(f. 95, 0) = [cos(ps) sin(@) 0]-[0
0 0 1 0

The cos(6)~' factor in Eq. (A10) accounts for the dif-
ferences between the differential area at the reference
spherical surface, dAg, and the differential area at the aper-
ture of the lens, dA; [dAs = dAp/cos(f); see Chap. 3 of
Ref. [45]].

ay(w) and b,(w) are the standard scattering coefficients in
Mie’s theory used to describe the contributions of the electric
and magnetic modes, respectively [39],

P 1% ju &)V (C0) — jn(0)V(nrE0)
N 2 (RE0EL(0) — B (o)W (nr o)
b — Jn(MREY, (C0) — jn(C0) V¥, (nRE0)
Jn(MRE)EL(C0) — h (L0) W) (nR&o)

where ng = ngpn/ng is the refractive index of the sphere ngpp
normalized by the refractive index of the medium n( and ¢y =
2w R/A. j, is the spherical Bessel function of the first kind,
and v,,(¢o) and &, (&) are the Riccatti-Bessel functions of the
first and third order, respectively. ¥ (---) and &, (- - - ) are the
derivatives of the Riccatti-Bessel functions.

The backscattered field given in Eq. (AS) is collimated
through the same lens that focuses the incident beam. To
model the effect of this collimation using the aplanatic lens
model, we follow the inverse process of the focusing described
above [Fig. 11(b)]. The backscattered field is evaluated at the
spherical reference surface [dashed line in Fig. 11(b)]. We
then perform the inverse rotation for the focusing process
so that the propagation vectors of the scattered field become
paraxial. Finally, we map the rotated field of the reference
aperture into the surface of the lens. This collimation process
is mathematically equivalent to the following transformation:

E*™(p, ¢y, 0) = R(f, ¢p, 0) - ESC(f, 95,0, w)cos(@) ",
(A10)

where E*®) is the collimated field, p and ¢p are the polar
coordinates in the aperture of the lens (defined above), and
R( [ @p, 0) is the position-dependent Euler rotation matrix:

(A8)

(A9)

0 0 sin(gs) cos(ps) O
cos(f) —sin(h) —cos(ps) sin(ps) O
sin(6) cos(f) 0 0 1

(Al1)

Finally, we obtain the helicity-splitting coefficients «(w)
and B(w) by projecting ES™) into the modes of a single-mode
fiber connected to the detectors. The modes of these fibers
have the same spatial distribution as those of the input fields.
The final expression is given by Eq. (37).
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