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We report many-body calculations of the self-energy and lifetime of Shockley and image states on the 共100兲
and 共111兲 surfaces of Cu that go beyond the GW approximation of many-body theory. The self-energy is
computed in the framework of the GW⌫ approximation by including short-range exchange-correlation 共XC兲
effects both in the screened interaction W 共beyond the random-phase approximation兲 and in the expansion of
the self-energy in terms of W 共beyond the GW approximation兲. Exchange-correlation effects are described
within time-dependent density-functional theory from the knowledge of an adiabatic nonlocal XC kernel that
goes beyond the local-density approximation.
PACS number共s兲: 73.20.At, 71.10.Ca, 71.45.Gm, 78.47.⫹p

I. INTRODUCTION

At metal surfaces there exist specific electronic states not
present in the bulk, which can be classified as intrinsic
共crystal-induced兲 surface states1 and image-potential
共Rydberg-like兲 states.2,3 Intrinsic surface states are originated
by the symmetry breaking at the surface, they have their
maximum near the surface, and they are classified as Tamm4
and Shockley5 states; in particular, intrinsic Shockley surface
states typically occur in the gap of free-electron-like s , p
bands near the Fermi level.6,7 Image-potential states appear
as a result of the self-interaction that an electron near the
surface suffers from the polarization charge it induces at the
surface, and they occur in the vacuum region of metal surfaces with a band gap near the vacuum level.8
Figure 1 illustrates Shockley and image-potential states in
the gap of the ⌫L projected band structure of the 共100兲 and
共111兲 surfaces of Cu. If an electron or hole is added to the
solid at one of these states, inelastic coupling of the excited
quasiparticle with the crystal, which can be experimentally
observed through a variety of spectroscopies,9–14 may occur
through electron-electron 共e-e兲 and electron-phonon 共e-ph兲
scattering. The decay rate due to the e-ph interaction, which
is relatively important only in the case of excited Shockley
holes near the Fermi level, has been investigated recently by
using the Eliashberg function.15 Accurate many-body calculations of the decay rate due to the e-e interaction were first
carried out for image states on the 共100兲 and 共111兲 surfaces
of Cu.16,17 Since then, many-body calculations of the e-e
decay have been reported for a variety of simple, noble and
transition metals.18–21 Nevertheless, existing calculations
have been typically performed within the G0W0 approximation of many-body theory,22–25 with no inclusion of exchange
and correlation 共XC兲 effects. Exceptions are 共i兲 a calculation
of the e-e decay rate of image states on the 共100兲 and 共111兲
surfaces of Cu that incorporates XC effects in an adiabatic
local-density approximation17 共ALDA兲 and 共ii兲 an approxi1098-0121/2007/76共24兲/245416共7兲

mate evaluation of the lifetime of Shockley states in the
noble metals that incorporates the exchange contribution to
the self-energy.20
In this paper, we report extensive calculations of the
screened interaction, the self-energy, and the e-e inelastic
lifetime of Shockley and image states on the 共100兲 and 共111兲
surfaces of Cu that go beyond the G0W0 approximation.
Short-range XC effects are incorporated both in the description of the dynamical screening of the many-electron system
关we go beyond the random-phase approximation 共RPA兲 in
the evaluation of the screened interaction W兴 and in the expansion of the electron self-energy in terms of W 共we go
beyond the GW approximation兲. This is the GW⌫ approximation of many-body theory,26,27 which treats on the same
footing XC effects between pairs of electrons within the
Fermi sea 共screening electrons兲 and between the excited electron and the Fermi sea.
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FIG. 1. The ⌫L projected bulk band structure 共shaded areas兲 of
the 共111兲 and 共100兲 surfaces of Cu. The solid lines represent Shockley 共n = 0兲 and image-potential 共n = 1兲 surface-state bands.
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Mahan and Sernelius26 showed that the inclusion, within
the GW⌫ approximation, of the same vertex function in the
screened interaction and the numerator of the self-energy
yields results for the bandwidth of a homogeneous electron
gas very similar to those obtained in the G0W0 approximation, due to a large cancellation of vertex corrections. Large
cancellations were also observed to occur in the decay rates
of image17 and bulk28 states in the noble metals, by incorporating XC effects in the ALDA. In the decay of low-energy
bulk states below the vacuum level energy transfers ប are
well below the Fermi energy and momentum transfers បq are
typically smaller than 2បqF, qF being the magnitude of the
Fermi wave vector, so that one can safely assume that both q
and  are small and XC effects can, therefore, be incorporated in the ALDA. However, in the case of Shockley and
image states the ALDA might lead to spurious results, due to
the presence of small local values of the Fermi wave vector
in a region where the electron density is small. Hence, here
we use an adiabatic nonlocal XC kernel that accurately describes XC effects in the limit of a homogeneous electron gas
of arbitrary density and which has been succesful in the description of the XC contribution to the jellium surface
energy.29
It has been argued in the past that a realistic firstprinciples description of the electronic band structure is of
key importance in the determination of the inelastic lifetime
of bulk electronic states in the noble metals.30 The main conclusion drawn in Ref. 30 was that in the case of the noble
metals deviations from electron dynamics in a free gas of sp
electrons mainly originate in the participation of d electrons
in the screening of electron-electron interactions. The role of
occupied d bands in the dynamics of excited surface-state
electrons and holes on silver surfaces was later investigated
via a polarizable medium giving rise to additional
screening,31 and it was concluded that d electrons do not
participate significantly in the screening of the interaction
between surface states 共which are located near the surface兲
and the Fermi gas of the solid.32
In order to investigate the dynamics of Shockley and image states on Cu surfaces, we assume that the density of
valence electrons in the solid varies only along the z axis,
which is taken to be normal to the surface. Hence, our calculations start by solving the single-particle timeindependent Schrödinger equation of electrons moving in a
physically motivated one-dimensional 共1D兲 model potential
that is known to correcly reproduce the behaviour of sp valence states and accurately describes, in particular, the projected bulk band gap and the binding energy of the Shockley
and the first image state.33 The eigenfunctions and eigenvalues of such an effective single-particle Hamiltonian are then
used to compute the screened interaction, the GW⌫ selfenergy, and the e-e decay rates of Shockley and image states.
For comparison, we also compute G0W0, G0W, and GW0⌫
decay rates, with no inclusion of XC effects, with inclusion
of XC effects beyond the RPA in the screened interaction W
alone, and with inclusion of XC effects beyond the G0W0 in
the expansion of the electron self-energy in terms of the RPA
screened interaction W0, respectively. Our results indicate
that 共i兲 although the use of the ALDA leads to spurious results for the screened interaction, a more realistic adiabatic

nonlocal description of XC effects yields inelastic lifetimes
of Shockley and image states that esentially coincide with
those obtained in the ALDA and 共ii兲 the overall effect of
short-range XC is small and GW⌫ linewidths are close to
their G0W0 counterparts, as occurs in the case of low-energy
bulk states.28
The paper is organized as follows. Explicit expressions
for the e-e decay rate of surface-state electrons and holes at
solid surfaces are derived in Sec. II, in the GW⌫ approximation of many-body theory. The results of numerical calculations of the screened interaction, the self-energy, and the decay rate of Shockley and image states on the 共100兲 and 共111兲
surfaces of Cu are presented in Sec. III. The summary and
conclusions are given in Sec. IV. Unless stated otherwise,
atomic units 共a.u.兲 are used throughout, i.e., e2 = ប = me = 1.
II. THEORY

Let us consider an arbitrary many-electron system of density n0共r兲. In the framework of many-body theory, the decay
rate 共or reciprocal lifetime兲 of a quasiparticle 共electron or
hole兲 that has been added in the single-particle state i共r兲 of
energy i is obtained as the projection of the imaginary part
of the self-energy ⌺共r , r⬘ ; i兲 over the quasiparticle-state
itself24

−1
i = ⫿2

冕 冕
dr

dr⬘i*共r兲Im ⌺共r,r⬘ ;i兲i共r⬘兲,

共1兲

where the ⫿ sign in front of the integral should be taken to
be minus or plus depending on whether the quasiparticle is
an electron 共i 艌 F兲 or a hole 共i 艋 F兲, respectively, F being the Fermi energy.
To lowest order in a series-expansion of the self-energy in
terms of the frequency-dependent screened interaction
W共r , r⬘ ; 兲, the self-energy is obtained by integrating the
product of the interacting Green function G共r , r⬘ ; i − 兲
and the screened interaction W共r , r⬘ ; 兲, and is therefore
called the GW self-energy. If one further replaces the
interacting Green function by its noninteracting counterpart
G0共r , r⬘ ; i − 兲, one finds the G0W self-energy and from Eq.
共1兲 the following expression for the G0W reciprocal lifetime:

−1
i = ⫿ 2兺
f

冕 冕
dr

dr⬘i*共r兲*f 共r⬘兲

⫻Im W共r,r⬘ ;兩i −  f 兩兲i共r⬘兲 f 共r兲,

共2兲

where the sum is extended over a complete set of
single-particle states  f 共r兲 of energy  f 共F 艋  f 艋 i or
i 艋  f 艋 F兲. Equation 共2兲 exactly coincides with the result
one would obtain from the lowest-order probability per unit
time for an excited electron or hole in an initial state i共r兲 of
energy i to be scattered into the state  f 共r兲 of energy  f by
exciting a Fermi system of interacting electrons from its
many-particle ground state to some many-particle excited
state.34
The interaction W共r , r⬘ ; 兲 entering Eq. 共2兲 can be rigurously expressed as follows:
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W共r,r⬘ ; 兲 = v共r,r⬘兲 +

冕 冕
dr1

single-particle states entering Eq. 共2兲 are of the form

dr2v共r,r1兲

⫻ 共r1,r2 ; 兲v共r2,r⬘兲,

共3兲

v共r , r⬘兲 representing the bare Coulomb interaction and
共r , r⬘ ; 兲 being the time-ordered density-response function
of the many-electron system, which for the positive frequencies 共 ⬎ 0兲 entering Eq. 共2兲 coincides with the retarded
density-response function of linear-response theory. In the
framework of time-dependent density-functional theory
共TDDFT兲,35 the exact retarded density-response function is
obtained by solving the following integral equation:36

共r,r⬘ ; 兲 = 0共r,r⬘ ; 兲 +

冕 冕
dr1

where 0共r , r⬘ ; 兲 denotes the density-response function of
noninteracting Kohn-Sham electrons, i.e., independent electrons moving in the effective Kohn-Sham potential of
density-functional theory 共DFT兲. The frequency-dependent
XC kernel f XC关n0兴共r , r⬘兲 is the functional derivative of the
frequency-dependent XC potential VXC关n兴共r , 兲 of TDDFT,
to be evaluated at n0共r兲. In the RPA, f XC关n0兴共r , r⬘ ; 兲 is set
equal to zero and Eq. 共2兲 yields the so-called G0W0 共or
G0W-RPA兲 reciprocal lifetime.
The XC kernel f XC关n0兴共r , r⬘ ; 兲, which is absent in the
RPA, accounts for the presence of an XC hole associated to
all screening electrons in the Fermi sea. Hence, one might be
tempted to conclude that the full G0W approximation 关with
the formally exact screened interaction W of Eq. 共3兲兴 should
be a better approximation than its G0W0 counterpart 共with
the screened interaction W evaluated in the RPA兲. However,
the XC hole associated to the excited hot electron is still
absent in the G0W approximation. Therefore, if one goes
beyond RPA in the description of W, one should also go
beyond the G0W approximation in the expansion of the electron self-energy in powers of W. By including XC effects
both beyond RPA in the description of W and beyond G0W in
the description of the self-energy,26,27 the so-called GW⌫ approximation yields a lifetime broadening that is of the G0W
form 关see Eq. 共2兲兴, but with the actual screened interaction
W共r , r⬘ ; 兲 of Eq. 共3兲 replaced by a new effective screened
interaction
W̃共r,r⬘ ; 兲 = v共r,r⬘兲 +

冕 冕
dr1

dr2兵v共r,r1兲 + f XC关n0兴

⫻共r,r1 ; 兲其共r1,r2 ; 兲v共r2,r⬘兲,

共5兲

0

which includes all powers in W beyond the G W approximation.

共7兲

冕 冕
dz

dz⬘i*共z兲Im ⌺共z,z⬘ ;k,k,i兲i共z⬘兲, 共8兲

where ⌺共z , z⬘ ; k , k,i兲 represents the two-dimensional 共2D兲
Fourier transform of the self-energy ⌺共r , r⬘ ; k,i兲.
1. G0W approximation

Using the single-particle wave functions and energies of
Eqs. 共6兲 and 共7兲, the G0W reciprocal lifetime of Eq. 共2兲 yields
−1
k,i
= ⫿ 2兺
f

冕

dq
共2兲2

冕 冕
dz

dz⬘i*共z兲*f 共z⬘兲

⫻ Im W共z,z⬘ ;q, 兲i共z⬘兲 f 共z兲,

共9兲

where  = 兩共i + k2 / 2mi兲 − 共 f + q2 / 2m f 兲兩, k and q represent
wave vectors parallel to the surface, and W共z , z⬘ ; k , 兲 denotes the 2D Fourier transform of the screened interaction
W共r , r⬘ ; 兲 of Eq. 共5兲, i.e.,
W共z,z⬘ ;k, 兲 = v共z,z⬘ ;k兲 +

冕 冕
dz1

dz2v共z,z1 ;k兲

⫻ 共z1,z2 ;k, 兲v共z2,z⬘ ;k兲,

共10兲

v共z , z⬘ ; k兲 and 共z , z⬘ ; k , 兲 being 2D Fourier transforms of
the bare Coulomb interaction and the density-response function of Eq. 共4兲, respectively. In the G0W0 共or G0W-RPA兲
approximation, the reciprocal lifetime is also given by Eqs.
共9兲 and 共10兲, but with the XC kernel f XC关n0兴共r , r⬘ ; 兲 entering Eq. 共4兲 set equal to zero.
2. GW⌫ approximation

Using the single-particle wave functions and energies of
Eqs. 共6兲 and 共7兲, the GW⌫ reciprocal lifetime is also found to
be given by Eq. 共9兲, but with W共z , z⬘ ; k , 兲 replaced by the
2D Fourier transform of the effective screened interaction
W̃共r , r⬘ ; 兲 of Eq. 共11兲, i.e.,
−1
k,i
= ⫿ 2兺

A. Bounded electron gas

f

In the case of a bounded electron gas that is translationally invariant in two directions, such as the jellium surface or
the physically motivated model surface described above, the

k,i = i + k2/2mi ,

k being a wave vector parallel to the surface and mi denoting
the effective mass in the plane of the surface.37
Introducing Eqs. 共6兲 and 共7兲 into Eq. 共1兲, one finds the
following expression for the reciprocal lifetime of a quasiparticle 共electron or hole兲 that has been added in the singleparticle state k,i共r兲 of energy k,i:
−1
k,i
= ⫿2

共4兲

共6兲

with energies

dr20共r,r1 ; 兲

⫻ 兵v共r1,r2兲 + f XC关n0兴共r1,r2 ; 兲其共r2,r⬘ ; 兲,

k,i共r兲 = i共z兲eik·r储

冕

dq
共2兲2

冕 冕
dz

dz⬘i*共z兲*f 共z⬘兲

⫻ Im W̃共z,z⬘ ;q, 兲i共z⬘兲 f 共z兲,
where
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W̃共z,z⬘ ;k, 兲 = v共z,z⬘ ;k兲 +

冕 冕
dz1

dz2兵v共z,z1 ;k兲 + f XC关n0兴

⫻共z,z1 ;k, 兲其共z1,z2 ;k, 兲v共z2,z⬘ ;k兲,

共12兲

f XC关n0兴共z , z1 ; k , 兲 being the 2D Fourier transform of the XC
kernel f XC关n0兴共r , r⬘ ; 兲.
In the GW0⌫ approximation, the reciprocal lifetime is also
given by Eqs. 共11兲 and 共12兲, thereby with full inclusion of the
XC kernel entering Eq. 共12兲, but with the XC kernel entering
Eq. 共4兲 set equal to zero.
Hence, we note that both G0W and GW⌫ reciprocal lifetimes 关Eqs. 共9兲 and 共11兲兴 can be calculated from the knowledge of two basic ingredients: 共i兲 single-particle wave functions and energies of the form of Eqs. 共6兲 and 共7兲, which are
also basic quantities in the evaluation of the noninteracting
density-response function 0共z , z⬘ ; k , 兲, and 共ii兲 the XC kernel f XC关n0兴共z , z⬘ ; k , 兲.

which in the limit as k3D → 0 and  → 0 is known to be the
second derivative of the XC energy XC共n兲 per particle of a
homogeneous electron gas, to be evaluated at the local density n0共z兲. We use the Perdew-Wang parametrization39 of the
difussion Monte Carlo 共DMC兲 XC energy XC reported by
Ceperley and Alder.40
2. Refined ALDA

A more accurate description of short-range XC effects can
be carried out by replacing the local XC kernel
f̄ XC关n0共z兲 ; k3D = 0 ,  = 0兴 entering Eq. 共13兲 by a more accurate
still adiabatic but momentum-dependent XC kernel
f̄ XC关n0共z兲 , k3D = k ,  = 0兴 共thus only assuming that the dynamic density fluctuation is slowly varying in the direction
perpendicular to the surface兲, i.e,
f XC关n0兴共z,z⬘ ;k, 兲 = f̄ XC关n0共z兲;k3D = k,  = 0兴␦共z − z⬘兲.

B. Single-particle wave functions and energies

For the description of the noninteracting density-response
function 0共z , z⬘ ; k , 兲 关and, therefore, the screened interaction W共z , z⬘ ; k , 兲 and the effective screened interaction
W̃共z , z⬘ ; k , 兲 of Eqs. 共10兲 and 共12兲, respectively兴 singleparticle wave functions and energies can safely be taken to
be the eigenvalues and eigenfunctions of a jellium selfconsistent Kohn-Sham Hamiltonian.17 Nevertheless, the actual band structure of sp electrons near the surface of noble
metals calls for a more realistic description of the singleparticle wave functions 关i共z兲 and  f 共z兲兴 and energies 关i and
 f 兴 entering Eqs. 共9兲 and 共11兲.
Hence, in the calculations presented in this paper all the
single-particle wave functions and energies 关those entering
Eqs. 共9兲 and 共11兲 and also those involved in the evaluation of
the noninteracting density-response function兴 are taken to be
the eigenfunctions and eigenvalues of a physically motivated
1D model Hamiltonian that accurately reproduces the projected band gap and the binding energy of the Shockley and
the first image state.23
C. The XC kernel fXC†n0‡„z , z⬘ ; k , …

In order to investigate the impact of strong variations of
the electron density induced near the surface, and because
the excitation energies of interest are typically small 共particularly in the case of Shockley holes兲, we consider the following adiabatic 共 = 0兲 approximations of the XC kernel
f XC关n0兴共z , z⬘ ; k , 兲.29

共14兲
Here we exploit the accurate DMC calculations reported
by Moroni et al.41 for the static 共 = 0兲 k3D-dependent nonlocal XC kernel f̄ XC of a homogeneous electron gas. A parametrization of this data satisfying the well-known smalland large-wavelength asymptotic behaviour was carried out
by Corradini et al. 共CDOP兲.42
3. Adiabatic nonlocal approximation (ANLDA)

Here we still neglect the frequency dependence of
the XC kernel 共adiabatic approximation兲, but now we make
no assumption on the variation of the dynamic density
fluctuation and assume that the unperturbed density variation
关n0共z兲 − n0共z⬘兲兴 is small within the short range of
f XC关n0兴共z , z⬘ ; k , 兲. This allows to write
f XC关n0兴共z,z⬘ ;k, 兲 = f̄ XC兵关n0共z兲 + n0共z⬘兲兴/2;z,z⬘ ;k,  = 0其,
共15兲
where f̄ XC共n ; z , z⬘ ; k , 兲 represents the 2D Fourier transform
of the XC kernel f̄ XC共n ; k , 兲 of a homogeneous electron gas
of density n. An explicit expression for the 2D Fourier transform of the CDOP parametrization of f̄ XC共n ; k ,  = 0兲 was
reported in Ref. 29:

1. Adiabatic local-density approximation (ALDA)

f̄ XC共n;z,z⬘ ;k兲 = −

If one assumes that dynamic electron-density fluctuations
are slowly varying in all directions, the XC kernel f XC关n0兴
⫻共z , z⬘ ; k , 兲 is easily found to be given by the following
expression:38

−

kF2

␦共z̃兲 −

冋

冑

gkF2

2 2
2
/4␤2+k2/kF
兴

+ k2 e−␤关kFz̃

共13兲

2  e 2B
+k

2

e−

冑gkF2 +k2兩z̃兩

2␣冑/␤e2 ␤ − kF2 z̃2 2
k
4␤2 F
kF3

册

f XC关n0兴共z,z⬘ ;k, 兲 = f̄ XC关n0共z兲;k3D = 0,  = 0兴␦共z − z⬘兲.
Here, f̄ XC关n0共z兲 ; k3D , 兴 is the 3D Fourier transform of the
XC kernel of a homogeneous electron gas of density n0共z兲,

4  e 2C

,

共16兲

where C, B, g, ␣, and ␤ are dimensionless functions of the
electron density 共see Ref. 42兲, n = kF3 / 32, and z̃ = z − z⬘.

245416-4

PHYSICAL REVIEW B 76, 245416 共2007兲

SELF-ENERGY AND LIFETIME OF SHOCKLEY AND…

4

4

3

3

2

2

1

1

0

0

-10

0

z=z’ (a.u.)

2.5

Cu(100) n=1
5

10 -10

-Im(W(z,z’;k,ω)) (a.u.)

-Im(W(z,z’;k,ω)) (a.u.)

Cu(111) n=0
5

2
1.5
1
0.5
0
-10

0

z=z’ (a.u.)

-5

0

z=z’ (a.u.)

5

10

10

FIG. 2. Imaginary part of the screened interaction W共z , z⬘ ; k , 兲
and the effective screened interaction W̃共z , z⬘ ; k , 兲, as a function of
z = z⬘ and for fixed values of k and  共k = 0.5 Å−1 and  = 0.5 eV兲, in
the vicinity of the 共100兲 and 共111兲 surfaces of Cu. ALDA calculations of Im关W̃共z , z⬘ ; k , 兲兴 are represented by thick solid lines. RPA
and ALDA calculations of Im关W共z , z⬘ ; k , 兲兴 are represented by thin
solid and dotted lines, respectively.
III. RESULTS AND DISCUSSION

On the 共111兲 surface of Cu, the n = 0 Shockley state at the
center of the surface Brillouin zone 共k = 0兲 lies just below the
Fermi level, with i − F = −0.445 eV. Binding energies of the
n = 1 image state on the 共111兲 and 共100兲 surfaces of Cu 共measured with respect to the vacuum level兲 are 0.83 and
0.57 meV, respectively. Effective masses of the n = 1 image
state on Cu共111兲 and Cu共100兲 are close to the free-electron
mass 共mi = 1兲,12 while the effective mass of the n = 0 Shockley state on Cu共111兲 is 0.42.43,44 The probability density of
the n = 1 image states on Cu共111兲 and Cu共100兲 have a maximum at 2.3 and 3.8 Å, respectively, outside the crystal edge
共z = 0兲, which we choose to be located half a lattice spacing
beyond the last atomic layer. The n = 0 Shockley state wave
function in Cu共111兲, however, is maximum at the crystal
edge.
A. Screened interaction

We have carried out calculations of the imaginary part of
the screened interaction W共z , z⬘ ; k , 兲 and the effective
screened interaction W̃共z , z⬘ ; k , 兲 of thin slabs. In order to
ensure that our slab calculations are a faithful representation
of the actual screened interaction of a semiinfinite system,
we have used films up to 50 layers of atoms and 80
interlayer-spacing vacuum intervals, as in the G0W0
共G0W-RPA兲 calculations reported in Refs. 16 and 17.
The impact of XC effects on the imaginary part of the
effective screened interaction in the vicinity of the 共100兲 and
共111兲 surfaces of Cu is illustrated in Fig. 2, where ALDA
calculations of Im关W̃共z , z⬘ ; k , 兲兴 共with full inclusion of XC
effects兲 are compared to calculations of Im关W共z , z⬘ ; k , 兲兴
with 共ALDA兲 and without 共RPA兲 XC effects. Exchangecorrelation effects included in the effective screened interaction have two sources, as discussed in Sec. II A 2. First, there
is the reduction of the screening due to the presence of an

FIG. 3. Imaginary part of the effective screened interaction
W̃共z , z ; k , 兲, as a function of z = z⬘ and for fixed values of q and 
共q = 0.5 Å−1 and  = 0.5 eV兲, in the vicinity of the 共111兲 surface of
Cu. ALDA, refined ALDA, and ANLDA calculations are represented by thin solid, dashed, and thick solid lines, respectively.

XC hole associated to all electrons in the Fermi sea 关see Eq.
共4兲兴, which is included in the calculations represented in Fig.
2 by thick solid lines and also in the calculations represented
by dotted lines. Secondly, there is the reduction of the effective screened interaction itself due to the XC hole associated
to each electron 关see Eq. 共12兲兴, which is only included in the
calculations represented in Fig. 2 by thick solid lines. These
contributions have opposite signs and it is the latter which
dominates.
Existing GW⌫ calculations of the lifetime broadening of
image states on Cu共100兲 and Cu共111兲 were performed with
the ALDA XC kernel that we have used in the calculations
represented in Fig. 2. The error introduced by the use of this
local kernel is small in the interior of the solid, as the wave
vectors involved are small 共k ⬍ kF兲. However, Fig. 2 shows
that the ALDA leads to spurious 共negative兲 results for
Im关W̃共z , z⬘ ; k , 兲兴 near the surface, which is due to the presence of small local values of the Fermi wave vector
共kFlocal ⬍ k兲 in a region where the electron density is small.
Hence, we have carried out refined ALDA and adiabatic nonlocal 共ANLDA兲 calculations of Im关W̃共z , z⬘ ; k , 兲兴 共both with
full inclusion of XC effects兲, which have been plotted in Fig.
3. This figure clearly shows that the impact of nonlocality on
the effective screened interaction is large near the surface,
bringing spurious ALDA calculations 共thin solid lines兲 to a
more realistic behavior near the surface 共thick solid lines兲.
The refined ALDA scheme partially overcomes the failure of
the ALDA, but a full description of the nonlocality of XC
effects near the surface might be needed for a realistic description of the absorption power of solid surfaces.

B. Self-energy

Figure 4 exhibits G W0 共G0W-RPA兲, G0W, and GW⌫ calculations of the imaginary part of the n = 0 surface-state selfenergy ⌺共z , z⬘ ; k = 0 , k兲, versus z, in the vicinity of the 共111兲
surface of Cu, with use 共in the case of the G0W and GW⌫
approximations兲 of the adiabatic nonlocal XC kernel
共ANLDA兲 described in Sec. II C 3. This figure shows that as
occurs in the case of the screened interaction XC effects
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TABLE I. G0W0, G0W, and GW⌫ reciprocal lifetimes, in linewidth units 共meV兲, of an excited surface-state electron 共hole兲 at the
n = 1 共n = 0兲 surface-state band edge 共k = 0兲 of the 共111兲 and 共100兲
surfaces of Cu. In the case of the G0W and GW⌫ reciprocal lifetimes, both ALDA and ANLDA exchange-correlation kernels have
been considered.
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C. Reciprocal lifetime

Now we focus on the evaluation of the decay rate 共reciprocal lifetime兲 of surface-state electrons 共and holes兲 at the
n = 1 共and n = 0兲 surface-state band edge 共k = 0兲 of the 共111兲
and 共100兲 surfaces of Cu. Calculations of the noninteracting
density-response function 0共z , z⬘ ; k , 兲 共and, therefore, the
reciprocal lifetime兲 require the introduction of complex frequencies of the form  + i,  being a positive infinitesimal.

Linewidth (meV)

30

Cu(111) n=0
Cu(100) n=1
Cu(111) n=1

20

0.002

0.004

0.006

η x ωp

Cu共100兲

1
1
1
0
0
0
1
1
1

Cu共111兲

partially compensate each other, leading to an overall effect
of no more than 5%. For comparison, we have also used 共in
the case of the G0W and GW⌫ approximations兲 the ALDA
and refined ALDA kernels described in Sec. II C 3, and we
have found that although the use of these local or semilocal
kernels leads to spurious results for the screened interaction,
our more realistic ANLDA kernel yields self-energies that
esentially coincide with those obtained in the ALDA.

0

n

10

FIG. 4. G0W0 共G0W-RPA兲, G0W, and GW⌫ calculations
of the imaginary part of the n = 0 surface-state self-energy
⌺共z , z⬘ ; k = 0 , k兲, versus z, in the vicinity of the 共111兲 surface of Cu.
The solid circle represents the value of z⬘ in each case. GW⌫ calculations 共as obtained with the use of our ANLDA XC kernel兲 are
represented by dashed lines. G0W 共also using our ANLDA XC kernel兲 and G0W0 calculations are represented by thin and thick solid
lines, respectively. ALDA calculations, which nearly coincide with
ANLDA calculations, are not plotted in this figure.
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FIG. 5. G0W0 reciprocal lifetimes of Shockley and image states
on the 共100兲 and 共111兲 surfaces of Cu, as a function of the parameter  that accounts for the imaginary part of the complex frequencies entering the evaluation of the noninteracting density-response
function 0共z , z⬘ ; k , 兲.
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Hence, in order to ensure that our numerical calculations
yield a converged value of the reciprocal lifetime, we have
calculated −1 as a function of the parameter . Figure 5
represents the results we have obtained for the G0W0 reciprocal lifetimes of Shockley and image states on the 共100兲 and
共111兲 surfaces of Cu, showing that converged results are obtained for a sufficiently small value of .
Converged calculations of the reciprocal lifetimes of
Shockley and image states on the 共100兲 and 共111兲 surfaces of
Cu are exhibited in Table I. This table shows 共i兲 G0W0 results, which reproduce previous calculations,16,17 共ii兲 ALDA
GW⌫ results, which in the case of the n = 1 image state on
Cu共111兲 and Cu共100兲 reproduce the calculations reported in
Ref. 17 共ALDA GW⌫ calculations of the reciprocal lifetime
of n = 0 Shockley states had not been reported before兲, and
共iii兲 ANLDA GW⌫ calculations, never reported before; for
comparison, G0W reciprocal lifetimes are also shown in this
table, with use of both the ALDA and the adiabatic nonlocal
kernel ANLDA described in Sec. II C 3. Differences
between our G0W0 reciprocal lifetime of the n = 0 Shockley
state in Cu共111兲 共−1 = 25 meV兲 and those reported before45
共−1 = 19 meV兲 are simply due to the fact that in our present
model we are not accounting for the change of the
z-dependent surface-state wave functions i共z兲 and  f 共z兲
along the surface-state dispersion curve.
As in the case of the self-energy, the results shown in
Table I show that 共i兲 a realistic adiabatic nonlocal description
of XC effects yields reciprocal lifetimes of Shockley and
image states that esentially coincide with those obtained in
the ALDA, and 共ii兲 the overall effect of short-range XC is
small and GW⌫ reciprocal lifetimes are close to their G0W0
counterparts.

IV. SUMMARY AND CONCLUSIONS

We have carried out extensive calculations of the selfenergy and lifetime of Shockley and image states on the
共100兲 and 共111兲 surfaces of Cu, in the framework of the
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GW⌫ approximation of many-body theory. This approximation treats on the same footing XC effects between pairs of
electrons within the Fermi sea 共screening electrons兲 and between the excited surface-state electron 共or hole兲 and the
Fermi sea. We have included XC effects within TDDFT from
the knowledge of an adiabatic nonlocal XC kernel that goes
beyond the local-density approximation, and we have found
that these XC contributions 共in the screened interaction W
and in the expansion of the self-energy in terms of W兲 have
opposite signs and it is the latter which dominates, leading to
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